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Each Hilbert modular surface has a beautiful minimal smooth compactification 
due to Hirzebruch. Higher-dimensional Hilbert modular varieties instead admit 
many toroidal compactifications none of which is clearly the best. In this paper, 
we consider canonical compactifications of closely related varieties, namely the 
real multiplication locus IZMo m the moduli space A4 g of genus g Riemann 
surfaces, as well as the locus of eigenforms Q,£q in the bundle HA4 g — > M g of 
holomorphic one-forms. 

If g is 2 or 3, we give a complete description of the stable curves in the 
Deligne-Mumford compactification A4 g which are in the boundary of IZMo, and 
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which stable curves equipped with holomorphic one-forms are in the boundary 
of the eigenform locus Sl£o- If g > 3, we give strong restrictions on the stable 
curves in the boundary of TZM.Q- This allows one to reduce many difficult 
questions about Ricmann surfaces with real multiplication to concrete problems 
in algebraic geometry and number theory by passing to the boundary of M. g . 
In this paper, we apply our boundary classification to obtain finitcness results 
for Teichmullcr curves in M3 and noninvariance of the eigenform locus under 
the action of GL^(R) on {IM3. 

Boundary of the eigenform locus. We now state a rough version of our 
calculation of the boundary of the eigenform locus. See Theorems 15.21 18.11 
and 18.51 for precise statements. Consider a totally real cubic field F, and let 
O C F be the ring of integers (we handle arbitrary orders O C F, but stick 
to the ring of integers here for simplicity). The Jacobian of a Riemann surface 
X has real multiplication by O roughly if the endomorphism ring of Jac(JT) 
contains a copy of O (see Sj2] for details). We denote by IZMo C M3 the 
locus of Riemann surfaces whose Jacobians have real multiplication by O. Real 
multiplication on Jac(X) determines an eigenspace decomposition of S1(X), the 
space of holomorphic one-forms on X. The eigenform locus il£o C VIM3 is the 
locus of pairs (X,u>), where 3ac(X) has real multiplication by O, and u> G Sl(X) 
is an eigenform. 

The bundle £lM g — > M g extends to a bundle flM g — > M g whose fiber 
over a stable curve X is the space of stable forms on X . A stable form over a 
stable curve is a form which is holomorphic, except for possibly simple poles at 
the nodes, such that the two residues at a single node are opposite (see ^3] for 
details). We describe here the closure of fl£o in HM3, which also determines 
the closure of IZMo in M3. 

Consider the quadratic map Q: F — > F, defined by 

Q(x)=N%(x)/x. (1.1) 

We say that a finite subset S c F satisfies the no-half-space condition if the 
interior of the convex hull of Q(S) in the R-span of Q(S) in F ®q R contains 0. 

It is well known that every stable curve which is in the closure of the real 
multiplication locus IZMo C M. g has geometric genus or g (we give a proof 
via complex analysis in Our description of the closure of the eigenform 

locus is as follows. 

Theorem 1.1. A geometric genus stable form (X,u>) G QM3 lies in the 
boundary of the eigenform locus £l£o if & n d only if: 

• The set of residues of lo is a multiple of t(S), for some subset S C F, 
satisfying the no-half-plane condition and spanning an ideal X C O ' , and 
for some embedding t: F — > R. 

• If Q(S) lies in a Q-subspace of F , then an explicit additional equation, 
involving cross-ratios of the nodes of X, is satisfied. 
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Remark. The more precise version of this theorem, which we state in gives 
a necessary condition which holds more generally in any genus. In Sj8l we show 
that this condition is sufficient in genus three. In fact, it is sufficient also in 
genus two, but we ignore this case as the boundary of the eigenform locus was 
previously calculated in the genus two case in |Bai07j . The higher genus cases 
are more difficult, as the Torelli map A4 g — > A g is no longer dominant. 

The boundary of £q := PttEo has a stratification into topological types, 
where two stable forms are of the same topological type if there is a homco- 
morphism between them which preserves residues up to constant multiple. Wc 
may encode a topological type by a directed graph with the edges weighted by 
elements of an ideal 2 C O. Vertices represent irreducible components, edges 
represent nodes, and weights represent residues. The corresponding boundary 
stratum of £q is a product of moduli spaces .Mo,n, or a subvaricty thereof. 
The possible topological types arising in the boundary of IZAAo arc shown in 
Figure [T] In Appendix ^ we give an algorithm for enumerating all boundary 
strata of £ o associated to a given ideal X. In Figure [4] we tabulate the number 
of two-dimensional boundary strata for many different fields. 

An important special case is boundary strata parameterizing irreducible sta- 
ble curves, otherwise known as trinodal curves. Consider a basis r = (?'i,r 2 ,r 3 ) 
of an ideal X C O. We say that r is an admissible basis of X if the r, satisfy the 
no-half-spacc condition. Let 5£ C PftAi^ be the locus of trinodal forms having 
residues (±t(ri), ±1(7-2), ±6(7-3)). Since a trinodal curve may be represented by 
6 points in P 1 identified in pairs, wc may identify with the moduli space 
.Mo, 6 of such points. Suppose r is admissible. As three points in R 3 whose 
convex hull contains must be contained in a subspace, we are in the second 
case of Theorem 11.11 so £ o H S L r is cut out by a single polynomial equation on 
<S£ = -Mo, 6- Wc sec in Theorem 18.51 that this equation is 

R^R^Rf = 1, (1.2) 

where Ri : .Mo, 6 ~~ * are certain cross-ratios of four points and the ai are 
integers determined explicitly by the r\j. 

Intersecting flats in SL 3 (Z)\SL 3 (IR)/SC>3(]R). In 50 we show that the no- 
tion of an admissible basis of a lattice in a totally real cubic number field is 
equivalent to a second condition on bases of totally real number fields, which 
we call rationality and positivity. Namely, a basis ri, . . . , r g of F is rational and 
positive if 

for alii ^j, 

Si Sj 

where si, . . . , s g is the dual basis of F with respect to the trace pairing. 

There is a classical correspondence between ideal classes in totally real de- 
gree g number fields and compact flats in the locally symmetric space X g = 
SL g (Z)\SL ff (M)/SO ff (K), the moduli space of lattices in W . Given an lattice I 
in a totally real number field F, let U(I) C F* be the group of totally positive 
units preserving X, embedded in the group D C SL ff (R) of positive diagonal 
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matrices via the g real embeddings of F. There is an isometric immersion px 
of the flat torus T(T) = U{T)\D into X g arising from the right action of D on 
SL g (Z)\SL g (IR). Let Rcc C X g be the locus of lattices in M. 9 which have an or- 
thogonal basis. Rec is a closed, but not compact, (g— l)-dimensional flat. In §7\ 
we show that rational and positive bases of lattices in number fields correspond 
to intersections of the corresponding compact flat with Rec. 

Theorem 1.2. Given an lattice X in a totally real number field, there is a 
natural bijection between the set j)j 1 (Rec) and the set of rational and positive 
bases of X up to multiplication by units, changing signs, and reordering. 

Theorems 11.11 and 1 1 . 21 together imply that there is a natural bijection bound- 
ary strata of eigenform loci £q C PflMs and intersection points of compact flats 
in A3 with the distinguished flat Rec. Note that A3 is 5-dimensional, while each 
flat in A 3 is at most 2-dimcnsional, so one would not expect many intersections 
between these flats. Nevertheless, we show in Sj5]that the ring of integers in each 
totally real cubic field has some ideal which has an admissible basis. In fact, 
the computations described in Appendix [X] suggest that most lattices in cubic 
fields have many admissible bases, although there are also examples of lattices 
which have none. It would be an interesting problem to study the asymptotics 
of counting these bases. 

Algebraically primitive Teichmuller curves. There is an important ac- 
tion of GL^(K) on flAig, the study of which has many applications to the 
dynamics of billiards in polygons and translation flows. A major open problem 
is the classification of GLj~(IR)-orbit-closures. In genus two, this was solved by 
McMullcn in [McM07| , while next to nothing is known for higher genera. 

Very rarely, a form (A, uj) has a GL J (R)-stabilizer which is a lattice in 
SL2(M). In that case, the GL J (R)-orbit of (A, u>) projects to an algebraic curve 
in M g which is isometrically immersed with respect to the Teichmuller metric. 
Such a curve in M g is called a Teichmuller curve. A Teichmuller curve C is 
uniformized by a Fuchsian group T, called the Veech group of C. The field F 
generated by the traces of elements in V is called the trace field of C. The trace 
field is a totally real field of degree at most g. See N10I for basic definitions 
around Teichmuller curves and the GL^ (IR)-action. 

Our main motivation for this work was the problem of classifying alge- 
braically primitive Teichmuller curves in M g , that is Teichmuller curves whose 
trace field has degree g. Every algebraically primitive Teichmuller curve lies in 
IZMo for some order O in its trace field by |M6106b|, and every Teichmuller 
curve has a cusp, so Theorem 11.11 allows one to approach the classification of 
Teichmuller curves by studying the possible stable curves which are limits of 
their cusps. 

In each eigenform locus fl£a is GL^ (R)-invariant and contains one 

or two Teichmuller curves (see |McM03[ [McM05 ). These Teichmuller curves 
lie in the stratum OA^2(2) (where we write Q,M. g {ni, . . . ,rik) C flA4 g for the 
stratum of forms having zeros of order m, . . . , n^). These Teichmuller curves 
were discovered independently by Calta in |Cal04j . 
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A major obstacle to the existence of algebraically primitive Tcichmiiller 
curves in higher genus is that the eigenform loci are no longer GLj(R)-invariant. 
McMullen showed in |McM03j that fl£ is not GL J (R)-invariant for O the 
ring of integers in Q(cos(27r/7)). We prove in CTT1 the following stronger non- 
invariance statement 

Theorem 1.3. The eigenform locus VLEq is not invariant for O the ring of 
integers in any totally real cubic field. 

In contrast to the situation in M2, we give in this paper strong evidence for 
the following conjecture. 

Conjecture 1.4. There are only finitely many algebraically primitive Teich- 
muller curves in M%. 

In §13[ we prove the following instance of this conjecture. 

Theorem 1.5. There are only finitely many algebraically primitive Teichmuller 
curves generated by a form in the stratum 1). 

The proof uses the cross-ratio equation ()1.2|) together with a torsion condi- 
tion from |M5106a| which gives strong restrictions on Tcichmiiller curves gen- 
erated by forms with more than one zero. This torsion condition was used 
previously in [McM06b] to show that there is a unique primitive Tcichmiiller 
curve in flAi 2 (^, 1) and in [M5108] to show finiteness of algebraically primitive 
Teichmuller curves in the hyperelliptic components SlM. g (g — l,g — l) hyp of 
flAi g (g — l,g — 1). Similar ideas should establish finiteness in the strata of 

with more than two zeros. More ideas are needed in the strata 
and the component ^^3(2, 2) odd of £IM.j,{2,2), as the torsion condition gives 
no information (in VlM^{2, 2) odd due to the presence of hyperelliptic curves). 

While we cannot rule out infinitely many algebraically primitive Teichmuller 
curves in the stratum fiA^3(4), Theorem 11.11 gives an efficient algorithm for 
searching any given eigenform locus Q£o for Teichmuller curves in this stratum. 
Given an order O, first one lists all admissible bases of ideals in O as described in 
Appendix [XJ For each admissible basis, there are a finite number of irreducible 
stable forms having these residues and a fourfold zero. One then lists these 
possible stable forms and then checks each to see if the cross-ratio equation (|1.2p 
holds. If it never holds, then there are no possible cusps of Teichmuller curves 
in fiA^3(4) n fl£o, so there are no Teichmuller curves. 

Due to numerical difficulties with the odd component, we have only applied 
this algorithm to the hyperelliptic component S!.M3(4) hyp . The algorithm re- 
covers the one known example in this stratum, Veech's 7-gon curve, contained 
in Q,£o for O the ring of integers in the unique cubic field of discriminant 49; it 
has ruled out algebraically primitive Teichmuller curves in riA / t3(4) hyp for every 
other eigenform locus it has considered. 

Theorem 1.6. Except for Veech's 7-gon curve there are no algebraically prim- 
itive Teichmuller curves generated by a form in VI£q H f2Al3(4) hyp for O the 
ring of integers in any of the 1778 totally real cubic fields of discriminant less 
than 40000. 
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We discuss the algorithm on which this theorem is based in CHI We also give 
in this section some further evidence for Conjecture 11.41 in J7A^3(4) hyp , that an 
infinite sequence of algebraically primitive Tcichmiillcr curves in this stratum 
would have to satisfy some unlikely arithmetic restrictions on the widths of 
cylinders in periodic directions. 

For completeness we mention that there is no hope of proving a finitcncss 
theorem for algebraically primitive Tcichmiillcr curves in A4 g without bound- 
ing g. Already Veech's fundamental paper |Vec89j and also |War98j and |BM| 
contain infinitely many algebraically primitive Tcichmiillcr curves for growing 
genus g. 

The eigenform locus is generic. A rough dimension count leads one to ex- 
pect Coniecture ll.4l to hold for the stratum QMs(4:), as the expected dimension 
of So nPilA^3(4) is 0, which is too small to contain a Tcichmiillcr curve. On the 
other hand, if the eigenform locus Q£o C is contained in some stratum 

besides the generic one fiA^l, 1, 1, 1), one would expect this intersection to be 
positive dimensional. This would be a source of possible Teichmiiller curves. In 
^121 we prove that the eigenform locus is indeed generic. 

Theorem 1.7. For any order O in a totally real cubic field, each component of 
the eigenform locus Q,£q lies generically in OA^3(l, 1, 1, 1). 

The proof uses Theorem 11.11 to construct a stable curve in the boundary of 
SIS o where each irreducible component is a thrice-punctured sphere. A limiting 
eigenform on this curve must have a simple zero in each component. 

Primitive but not algebraically primitive Teichmiiller curves. From a 
Teichmiiller curve in Ai g , one can construct many Tcichmiillcr curves in higher 
genus moduli spaces by a branched covering construction. A Teichmiiller curve is 
primitive if it does not arise from one in lower genus via this construction. Every 
algebraically primitive Teichmiiller curve is primitive, but the converse does not 
hold. In A^3, McMullcn exhibited in [M cM06a] infinitely many primitive Teich- 
miiller curves with quadratic trace field. These curves lie in the intersection 
of riA^3(4) with the locus of Prym eigenforms, that is, forms (X, u>) with an 
involution i : X — > X such that the —1 part of Jac(A") is an Abclian surface 
with real multiplication having uj as an eigenform. It is not known whether all 
primitive Tcichmiillcr curves in A4% with quadratic trace fields arise from this 
Prym construction. 

Our approach to classifying algebraically primitive Teichmiiller curves could 
also be applied to the classification of (say) primitive Teichmiiller curves in 
M3 with quadratic trace field. Given a positive integer d and an order O in a 
real quadratic field F, there is the locus £o{d) C PHM3 of forms (X, w) such 
that there exists a degree d map of X onto an elliptic curve E with the kernel 
of the induced map Jac(AT) — > E having real multiplication by O with cu as 
an eigenform. The locus £o(d) is three-dimensional, and £e>(2) coincides with 
McMullcn's Prym eigenform locus. Teichmiiller curves in having quadratic 
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trace field must be generated by a form in some £o(d)- There is a classification 
of the geometric genus zero forms in the boundary of £o(d), similar to that of 
Thcorem ll.il with the map Q replaced by a quadratic map 

Q: F(SQ^F®Q. 

Each boundary stratum of £o(d) parameterizing trinodal curves is again a sub- 
variety of .Mo. 6 cut out by an equation in cross-ratios similar to (|1.2[) . 

Since the cross-ratio equation (|1.2p was responsible for ruling out alge- 
braically primitive Tcichmullcr curves in QM^^A), one might wonder why its 
analogue does not also rule out McMullcn's Tcichmullcr curves in £e>(2). The 
difference is that the cross-ratio equation cutting out the trinodal boundary 
strata of £e>(2) no longer depends on the associated residues r.; G F as in (|1.2p . 
Moreover, each such boundary stratum contains canonical forms having a four- 
fold zero, as opposed to the algebraically primitive case where these forms almost 
never exist. We hope to provide the details of this discussion in a future paper. 

Towards the proof of Theorem 11.11 We conclude by summarizing the 
proof of Theorem ll.il For simplicity, we continue to assume that O is a maximal 
order. The reader may also wish to ignore the case of nonmaximal orders on a 
first reading. 

The real multiplication locus TZAio CM 9 (or more precisely, its lift to the 
Teichmuller space) is cut out by certain linear combinations of period matrices. 
To better understand the equations which cut out the real multiplication locus, 
in ST4]we give a coordinate-free description of period matrices. Given an Abelian 
group L, we define a cover M. g (L) — > M g , the space of Riemann surfaces 
X equipped with a Lagrangian marking, that is, an isomorphism of L onto a 
Lagrangian subspace of Hi(X;Z). We define a homomorphism 

<J : S z (Hom z (L, Z)) -> Hoi* M g (L), 

where Sz(-) denotes the symmetric square, and Hoi* A4 g (L) is the group of 
nowhere vanishing holomorphic functions on M g (L). Each function ^(a) is 
a product of exponentials of entries of period matrices. There is a Deligne- 
Mumford compactification A4 g (L) of A4 g (L) with a boundary divisor D 1 for 
each 7 € L, consisting of stable curves where a curve homologous to 7 has been 
pinched. In Theorem 14.11 we show that each ^f(a) is meromorphic on A4 g (L) 
with order of vanishing 

ord_o T *(a) = (0,7(8)7) 

along D y . 

Cusps of the real multiplication locus correspond to ideal classes in O (or 
extensions of ideal classes if O is nonmaximal). Given an ideal X C O, we define 
in Sj5]a real multiplication locus TZMo{I) C Mz{I), covering TZMo C M3, of 
surfaces which have real multiplication in a way which is compatible with the 
Lagrangian marking by X. The closure of TZA4q(X) in Ai^(X) covers the closure 
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of the cusp of IZMo corresponding to X, so it suffices to compute the closure in 
M.z{I)- In Sj5j we construct a rank 3 subgroup V of Sz(Hom(Z, Z)) = 
(where X v C F is the inverse different of X) such that 1ZM.o{X) is cut out by 
the equations 

*(o) = I (1.3) 

for all a € T. The proof of Theorem 16. f I yields an identification of V with a 
lattice in F with the property that for each a 6 T and t £ I, the order of 
vanishing of "J (a) along the divisor D t C Ai g (T) is 

ord^ tt(a) = (a, Q(t)) (1.4) 

with the pairing the trace pairing on F and Q(t) as in (jTTTJ) . 

Now suppose that S C .M g (I) is a boundary stratum which is the intersec- 
tion of the divisors D ti for t\ , . . . , t„ G X, and suppose that the U do not satisfy 
the no-half-space condition. This means that we can find a vector a £ F such 
that (a, Q(U)) > for each i, with strict inequality for at least one. Multiplying 
a by a sufficiently large integer, we may assume a € T. From (|f .3|) we see that 
*(a) e 1 on KMoil), and from l|1.4p we sec that *(a) = on S. It follows 
that 7vLMe>(Z) n S = 0, from which we conclude the first part of Theorem lf.fi 

If the Q(ti) lie in a subspace of F, then we may choose a e T to be orthogonal 
to each Q(U). By (|1.4p . the function ^(a) is nonzero and holomorphic on S. The 
equation \&(a) = 1 restricted to S cuts out a codimension-one subvariety of S, 
which yields the second part of Theorcm lf.fi In the case where S parameterizes 
trinodal curves, the equation "J (a) = 1 is exactly the cross-ratio equation (|f .2\i . 
This concludes the necessity of the conditions of Theorem 11.11 

To obtain sufficiency of these conditions, in $5] we show that one can of- 
ten define, using the functions 'J (a), local coordinates from a neighborhood of 
a boundary stratum S in M g (L) into (C*) m x C™. In these coordinates, S 
is (C*) Tn x {0}, and the real multiplication locus TZMq{X) is a subtorus of 
(C*) m+ri . The computation of the boundary of the real multiplication locus is 
thus reduced to the computation of the closure of an algebraic torus in (C*) m+ ™, 
which is done in Theorem 18. 141 

Hilbert modular varities and the locus of real multiplication. We 

conclude with a discussion of the relation between Hilbert modular varieties and 
the real multiplication locus. In several textbooks (e.g. [Fre90| ) Hilbert modular- 
varieties are defined as the quotients H 9 /r, where Y = SL(C ® O v ) = SL 2 (0) 
for some order O C F, or even more restrictivcly for O the ring of integers 
|Gor02| . There is a natural map from M. 9 /V to the moduli space of Abclian 
varieties whose image is a component of the locus of Abelian varieties with real 
multiplication by O. In Appendix [Bl we provide an example showing that the 
real multiplication locus need not be connected, so it is in general not the image 
of H 9 /r. This phenomenon is surely known to experts but is often swept under 
the rug. If one restricts to quadratic fields (as in [vdG88j ) or to maximal orders 
(as in |Gor02j ) this phenomenon disappears. 
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In this paper, we regard a Hilbert modular variety more generally as a quo- 
tient H 9 /r' for any V commensurable with SL2(C). With this more general 
definition, the locus TZAo C A g of Abclian varieties with real multiplication by 
O is parametrized by a union Xq of Hilbert modular varieties. 

The cigenform loci £q C PfLM g which we compactify are closely related 
to the Hilbert modular varieties Xq. In genus two, Eq is isomorphic to Xq, 
while in genus three, Eq is a (degree-one) branched cover of Xq. The real 
multiplication locus IZMq C M g is a quotient of Eq by an action of the Galois 
group. See $5] for details on Hilbert modular varieties and the various real 
multiplication loci. 

Acknowledgments. The authors thank Gcrd Faltings, Pascal Hubert, Curt 
McMullen and Don Zagier for providing useful ideas and arguments. The au- 
thors thank the MPIM Bonn for supporting the research of the second named 
author and providing both authors an excellent working atmosphere. 

Notation. Throughout the paper, F will denote a totally real number field, 
O and order in F, and X C F a lattice whose coefficient ring contains O. 

Given an i?-modulc M, we write Sym^(M) for the submodulc of M (S>r M 
fixed by the involution 9(x ® y) = y (£> x. We write Sr(M) for the quotient of 
M (8>r M by the submodule generated by the relations 6{x) — x. 

Given a bilinear pairing (, }: M x N — > R, we write Hom^(M, N) and 
Hom^ (M,N) for the self-adjoint and anti-self-adjoint maps from M to N. 

We write A r for the disk of radius r about the origin in C; we write A for 
the unit disk, and A* for the unit disk with the origin removed. 

2 Orders, real multiplication, and Hilbert mod- 
ular varieties 

In this section, we discuss necessary background material on orders in number 
fields, Abelian varieties with real multiplication, and their various moduli spaces. 

Orders. Consider a number field F of degree d. A lattice in F (also called full 
module) is a subgroup of the additive group of F isomorphic to a rank d free 
Abelian group. An order in F is a lattice which is also a subring of F containing 
the identity element. The ring of integers in F is the unique maximal order. 
Given a lattice 2 in F, the coefficient ring of T is the order 

Oi = {a e F : ax g M for all x g A/}. 

We will sometimes write Ox for the coefficient ring of X. 

Lattices in finite dimensional vector spaces over F and their coefficient rings 
arc defined similarly. 
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Ideal classes. Two lattices X and T' in F are similar if I = ctL' for some 
a F. An ideal class is an equivalence class of this relation. Given an order 
O the set Cl(O) of ideal classes of lattices with coefficient ring O is a finite set 
(see |BS66| ). If O is a maximal order, Cl(O) is the ideal class group of O. 

Modules over orders. Let O be an order in a number field F and M a 
module over O. The rank of M is the dimension of M <g> Q as a vector space 
over F. We say M is proper if the O-module structure on M does not extend 
to a larger order in i* 1 . 

Every torsion-free, rank-one O-module M is isomorphic to a fractional ideal 
of 0, that is, a lattice in F whose coefficient ring contains O. 

A symplectic O-module is a torsion- free O-module M together with a uni- 
modular symplectic form ( , } : M X M — ► Z which is compatible with the 
O-module structure in the sense that 

(Ax,?/) = (x,Xy) 

for all A G O and i,j/6 M. 

We equip F 2 with the symplectic pairing 

((«!,/?!), (a 2 ,/? 2 )) =Tr(a 1 /3 2 -a 2 /3 1 ). (2.1) 

Every rank-two symplectic O-module is isomorphic to a lattice L in F 2 with 
coefficient ring contains O such that the symplectic form on F induces a uni- 
modular symplectic paring L x L — > Z. 

Inverse different. Given a lattice IcF with coefficient ring O, the inverse 
different of I is the lattice 

I v ={.teF: Tr(.Ty) G Z for all y G M}. 

X v and I have the same coefficient rings. The trace pairing induces an O-module 
isomorphism X v — > Horn (I, Z). 

The sum Iffil v is a symplectic O-module with the canonical symplectic 
form UTa . 

Symplectic Extensions. We now discuss the classification of certain exten- 
sions of lattices in number fields. This will be important in the discussion of 
cusps of Hilbert modular varieties below. 

Let T be a lattice in a number field F with coefficient ring Ox- An extension 
of X v by X over an order O C Ox is an exact sequence of O-modulcs, 

-> T -> A/ -> X v -> 0, 

with M a proper O-module. Given such an extension, a Z-module splitting 
s: X v — > M determines a Z-module isomorphism X X v — » M. The module M 
inherits the symplectic form (|2.ip . which does not depend on the choice of the 
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splitting s. We say that this is a symplectic extension if the symplectic form is 
compatible with the O-module structure of M. 

Let F(X) be the set of all symplectic extensions of X v by X over any order 
O C Ox up to isomorphisms of exact sequences which are the identity on X 
and X v . We give E(X) the usual Abclian group structure: given two symplectic 
extensions, 

-> X A/j X v -> 0, 

define ?r: Mi © M 2 -> X v by 7r(a, /3) = 7Ti(a) - tt 2 (/3) and t: X -> Mi © M 2 by 
t = ti © (— L2). The sum of the two extensions is 

-> X -> Ker(7r) / Im(t) -> X v 0. 

and the identity element is the trivial extension X © X v . 

Let Hom^F, F) be the space of endomorphisms of F that are self-adjoint 
with respect to the trace pairing. Note that Hornp (F,F) C Homi(F,F), For 
x € F, let M x € Homp(F, F) denote the multiplication-by-x endomorphism. 

Given T G Hom^F, F), let O(T) be the order 

{xeF:[M x ,T](X v )dX}, 

where [X, Y] = XY - YX is the commutator. That 0(T) is a subring of F 
follows from the formula 

M A [M^T] + [M x ,T]M, t = [M Xfl ,T]. 

Define a symplectic extension (X ©X v )t of X v by X over 0(T) by giving X ©X v 
the 0(T)-module structure 

A-(a,/3) = (Aa + [M A ,T](/3),A/3). 

Theorem 2.1. TVie map T 1— > (X©X v )t induces an isomorphism 

Hom+(F, F)/(Hom F (F, F) + Hom+(X v ,X)) F(X). 

Proof. To see that our map is a well-defined homomorphism is just a matter of 
working through the definitions, which we leave to the reader. 

To show our map is a monomorphism, suppose (X©X v )t is isomorphic to 
the trivial extension via <fi: (X © X v )t — > X © X v . This isomorphism must be 
of the form <fr(a,@) = (a + i?(/3),/3) for some self-adjoint R: X v —> X. The 
condition that this is an C(T)-module isomorphism implies [M X ,T— R] = for 
all ,t G 0(T). Since Hom F (F, F) is its own centralizer in HoniQ(F, F), we must 
have T - Re Hom F (F, F), so T G Hom F (F, F) + Hom+(X v ,X). 

Now consider the space V = HomQ(F, HoniQ (F, F)). We write elements of 
T> as with Q x G Hom^ (F,F) for each x G F. Let C C 2? be those elements 
<3_ satisfying 

M x Q y + Q x M y = Q xy (2.2) 
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for all x,y £ F. We claim that every element of C is of the form = [M x , T]. 
To see this, let 9 be a generator of F over Q. The map C — > HomQ(i 7 ', F) 
sending Q_ to is injective by (|2.2j) . so dimC < d(d— l)/2, where d = [i* 1 : Q]. 
The map Houlq(F, F)/ Hornp(.F, F) — + C sending T to Q T is injective so is an 
isomorphism because the domain also has dimension d{d — l)/2. Thus every 
clement of C has the desired form. 

Now, every symplcctic extension of X v by T over an order O is isomorphic 
as a symplectic Z-module to I © X v with the O-module structure, 

\-{a,/3) = (\a + Q x (/3),\P), 

with Q_ G C. Since Q_ = Q T for some T, our map is surjective. I 

Given an order O C Ox, let E°(I) C -E(Z) be the subgroup of extensions 
over some order O' such that OcCc Ox, and let E (J) C £7° (J) be the set 
of extensions over 0. From the above description of E(X), we obtain: 

Corollary 2.2. -E(X) is a torsion group with E (I) a finite subgroup. 

If two lattices X and I' are in the same ideal class, then the groups E(T) are 
canonically isomorphic. 

Real multiplication. We now suppose F is a totally real number field of 
degree g. 

Consider a principally polarized g-dimensional Abelian variety A. We let 
End(^4) be the ring of endomorphisms of A and End (A) the subring of cn- 
domorphisms such that the induced endomorphism of Hi(A;Q) is sclf-adjoint 
with respect to the symplectic structure defined by the polarization. 

Real multiplication by F on A is a monomorphism p: F — > End°(A) Cg>z Q. 
The subring O = p^ 1 (End(A)) is an order in F, and we say that A has real 
multiplication by O, 

There can be many ways for a given Abelian variety to have real multiplica- 
tion by O. We write Gal(C/Z) for the subgroup of the Galois group Gal(F/Q) 
which preserves O. If p: O — * End (A) is real multiplication of O on A, then 
so is po a for any a € Gal(C/Z). 

Let A g = H g /Sp 2g (Z) be the moduli space of g-dimensional principally 
polarized Abelian varieties (where H fl is the g(c/ + l)/2-dimensional Siegel upper 
half space). We denote by IZAo C A g the locus of Abelian varieties with real 
multiplication by O. 

Eigenforms. Real multiplication p: O — > End°(^4) induces a monomorphism 
p: O — > End Cl(A), where Sl(A) is the vector space of holomorphic one-forms on 
A. If i: F — > R is an embedding of F, we say that cj S is an t-eigenform 

if 

A • u> = l(X)lu 
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for all A £ C Equivalently, to is an t-eigenform if 




for all A £ O and 7 € Hi(A; Z). If we do not wish to specify an embedding t, 
we just call u> an eigenform. 

Given an embedding l and t-eigenform (A,uj), there is a unique choice of real 
multiplication p: O — ► End (A) which realizes (A, ui) as an i-eigenform. Thus 
considering i-eigenforms allows one to eliminate the ambiguity of the choice of 
real multiplication. 

We denote by £l L (X) the one-dimensional space of t-eigenforms. We obtain 
the eigenform decomposition, 

fl(X) = n L (X), (2.3) 

where the sum is over all field embeddings t. 

We denote by ClA g — > -4 9 the moduli space of pairs (A, oj) where A is a prin- 
cipally polarized Abelian variety and u is a nonzero holomorphic one-form on A. 
We write £Ao C Pf2.A s for the locus of eigenforms for real multiplication by O 
and £Aq for the locus of t-eigenforms. Note that for Gal(C/Z)-conjugate em- 
beddings 1 and l' , the eigenform loci £ Aq and £ Aq coincide (as an /,-eigenform is 
simultaneously an i'-eigenform for a Galois conjugate real multiplication); how- 
ever, each (A 7 to) G £Aq comes with a canonical choice or real multiplication 
which depends on 1. 

Hilbert modular varieties. Choose an ordering Li,...,i g of the g real em- 
beddings of F. We use the notation a;W = n(x). The group SL 2 (-F) then acts 
on H 9 by A ■ (^)f =1 = (A^ ■ zAf =1 , where SL 2 (M) acts on the upper-half plane 
H by Mobius transformations in the usual way. 

Given a lattice M C F 2 , we define SL(M) to be the subgroup of SL 2 (F) 
which preserves M. The Hilbert modular variety associated to M is 

X(M) = H S /SL(M). 

Given an order O C F, we define 

X a = ]JX(M), 

M 

where the union is over a set of representatives of all isomorphism classes of 
proper rank two symplectic O-modules. If O is a maximal order, then every 
rank two symplectic 0-module is isomorphic to 0©0 V (this also holds if g = 2; 
see |McM07j ). so in this case Xq is connected. In general, Xq is not connected, 
as there are nonisomorphic proper symplectic O-modules; see AppcndixlBl 
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There are canonical maps j L : Xq — ► £Aq and j : Xq — * 7vL4o denned as 
follows. Given a lattice M C F 2 and r = (n)f =1 e H 9 , we define T : M -> C 9 
by 

^ r ( 2; ,y) = ( a; W+yWT l )f =1 . 

The Abelian variety ^4 r = C 9 /4> T (M) has real multiplication by defined by 
A • (2i)f =1 = The form dzi is an ij-eigenform. 

The map j t : Xq — > £Aq is an isomorphism, so we may regard Xq as the 
moduli space of principally polarized Abelian varieties A with a choice of real 
multiplication p: O -> End (A). 

The Galois group Gal(C/Z) acts on Xq, and the map j factors through to 
a generically one-to-one map j' : XqI Gal(C/Z) — > IZAo- 

Cusps of Hilbert modular varieties. The Baily-Borcl-Satakc compactifi- 
cation X{M) of X{M) is a projective variety obtained by adding finitely many 
points to X(M) which we call the cusps of X{M). More precisely, we embed 
P X (F) in (H U {ioo}) 9 by (x : y) i-> (x« /j/ w )f =1 . We define H» = H 9 U P X (F) 
with a certain topology whose precise definition is not needed for this discussion; 
see [5306] . The compactification of X(M) is X(M) = H|./SL(Af). We define 
Xq to be the union of the compactifications of its components. 

Proposition 2.3. There is a natural bijection between the set of cusps of Xq 
and the set of isomorphism classes of symplectic extensions 

0^1->N->1 V ^Q (2.4) 

with N a primitive rank-two symplectic O -module and 2 a torsion-free rank one 
O-module. The cusps of X(M) correspond to the isomorphism classes of such 
extensions where M = N as symplectic O-modules. 

Sketch of proof . Fix a lattice M C F 2 . We must provide a SL(M)-equivariant 
bijection between lines L C F 2 and extensions 0^T^M^T v ^0 (up to 
isomorphism which is the identity on M). We assign to a line L, the extension 
0->InM->M->M/ (Lf]M) — > 0. The line L is recovered from an extension 
-> X -> M -> l v -> by defining L = X ® Q. 

The bijection for cusps of Xq follows immediately. ■ 

Consider the set of all pairs (X, T) , where X is a lattice in F whose coefficient 
ring contains O, and T £ Eq(T). The multiplicative group of F acts on such 
pairs by a ■ (X, T) = (aT,T a ), where T a (x) = aT(ax) (using the identification 
of Theorem 12. ip . We define a cusp packet for real multiplication by O to be an 
equivalence class of a pair (X, T) under this relation. 

We denote by C(0) the finite set of cusp packets for real multiplication by 
O. We have seen that there are canonical bijections between C(0), the set of 
isomorphism classes of symplectic extensions of the form (|2.4[) , the set of cusps 
of Xq, and the set of cusps of SAq. Moreover, there is a canonical bijection 
between the set of cusps of 1ZAo and C{0)/ Gal(0/Z). 
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3 Stable Riemann surfaces and their moduli 



In this section, we discuss some background material on Riemann surfaces with 
nodal singularities, holomorphic one-forms, and their various moduli spaces. 

Stable Riemann surfaces. A stable Riemann surface (or stable curve) is 
a connected, compact, one-dimensional, complex analytic variety with possibly 
finitely many nodal singularities - that is, singularities of the form zw = 
such that each component of the complement of the singularities has negative 
Euler characteristic. In other terms, a stable Riemann surface can be regarded a 
disjoint union of finite volume hyperbolic Riemann surfaces with cusps, together 
with an identification of the cusps into pairs, each pair forming a node. We will 
refer to a pair of cusps facing a node as opposite cusps. 

The arithmetic genus of a stable Riemann surface is the genus of the non- 
singular surface obtained by thickening each node to an annulus; the geometric 
genus is the sum of the genera of its irreducible components. 

Homology. Given a stable Riemann surface X, let Xq be the complement of 
the nodes. For each cusp c of X , let a c £ Hi(X ; Z) be the class of a positively 
oriented simple closed curve winding once around c, and let / C Hi(Xq;Z) be 
the subgroup generated by the expressions a c + ad, where c and d are cusps 
joined to a node on X. 

We define #i(X;Z) = #i(X ;Z)/I. Defining C(X) C Hi{X;Z) to be the 
free Abelian subgroup (of rank equal to the number of nodes) generated by the 
a c , we have the canonical exact sequence 

-► C(X) -> Hi(X;Z) -> Hi(X;Z) -> 0, 

where X — > X is the normalization of X. 

Markings. Fix a genus g surface E fl , and let X be a genus g stable Riemann 
surface. A collapse is a map / : E 9 — > X such that the inverse image of each 
node is a simple closed curve and / is a homeomorphism on the complement of 
these curves. 

A marked stable Riemann surface is a stable Riemann surface X together 
with a collapse /: E 9 — > X. Two marked stable Riemann surfaces /: E ff — ► X 
and g : E g — » Y are equivalent if there is homeomorphism : E 9 — » E 9 which is 
nomotopic to the identity and a conformal isomorphism : X — ► Y such that 
go (f> = ipo f. 

Augmented Teichmuller space. The Teichmuller space T(E 9 ) is the space 
of nonsingular marked Riemann surfaces of genus g. It is contained in the aug- 
mented Teichmuller space T(E 9 ), the space of marked stable Riemann surfaces 
of genus g. We give T(E 9 ) the smallest topology such that the hyperbolic length 
of any simple closed curve is continuous as a function T(E S ) — > K>q U {oo}. 
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Abikoff |Abi77j showed that this topology agrees with other natural topologies 
on T defined via quasiconformal mappings or quasi-isometries. 

Deligne-Mumford compactification. The mapping class group Mod(E 5 ) 
of orientation preserving homcomorphisms of S g defined up to isotopy acts on 
T{T, g ) and T(E g ) by precomposition of markings. The moduli space of genus 
g Riemann surfaces is the quotient A4 g = T(S S )/ Mod(S g ). The Deligne- 
Mumford compactification of M. g is M. g = T(£ g )/ Mod(£ g ), the moduli space 
of genus g stable curves. 

Over M. g is the universal curve p: C — > M. g , a compact algebraic variety 
whose fiber over a point representing a stable curve X is a curve isomorphic to 
X (provided X has no automorphisms). 

Stable Abelian differentials. Over A4 g is the vector bundle fLW g — > M g 
whose fiber over X is the space Q,{X) of holomorphic one-forms on X. We 
extend this to the vector bundle flAi g — > M g whose fiber Q,(X) over X is the 
space of stable Abelian differentials on X, defined as follows. 

Given a genus g stable Riemann surface X, a stable Abelian differential is a 
holomorphic one-form on Xq, the complement in X of its nodes, such that: 

• lu has at worst simple poles at the cusps of Xq. 

• If p and q are opposite cusps of Xq, then 

ReSp w = — Res g ui. 

The dualizing sheaf lox is the sheaf on X of one-forms locally satisfying the two 
above conditions (see |HM98| p. 82]), so a stable Abelian differential is simply a 
global section of the dualizing sheaf u>x- We write fl(X) for the space of stable 
Abelian differentials on A, a (/-dimensional vector space by Serre duality. 

In the universal curve p: C — > M gi let Co be the complement of the nodes 
of the fibers. The relative cotangent sheaf of Cq - * M. g (the sheaf of cotangent 
vectors to the fibers) is an invertible sheaf which extends in a unique way to an 
invertible sheaf oj^^ on C, the relative dualizing sheaf of this family of curves. 

The restriction of wj/jvi to a fiber X of this family is simply u>x ■ The push- 
forward P*^cj-jp[ is the sheaf of sections of the rank g vector bundle flAi g — > 
M g . 

Plumbing coordinates. Following Wolpert [Wol89| we give explicit holo- 
morphic coordinates at the boundary of M. g and a model of the universal curve 
in these coordinates. See also |Ber74[ lBer81j and [Mas76j . 

Let X be a stable curve with nodes n±, . . . , rife, and let Xq be X with the 
nodes removed, a disjoint union of punctured Riemann surfaces. At each node 
m, let Ui and Vi be small neighborhoods of Uj in each of the two branches of 
X through ni , and choose conformal maps : Ui C and Gi : Vi — > C whose 
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images contain the unit disk around the origin Ai. We write z, and W{ for the 
coordinates on Ui and Vi induced by these maps. We define 

X* =X\|J({N<1}U{K|<1}) and 

i 

AI = X* x A*. 

We take a model of a degeneration of a family of curves. 

V l = {(xi,y h t) £ Ai x Ai x Af : ar^j = i*}, 

where t = (ij, . . . ,tk). The fiber V* of the projection (xi,yi,t) i— ► t is a non- 
singular annulus except when U = 0, in which case it is two disks meeting at a 
node. 

Let X — > Af be the family of stable curves obtained by gluing each Vj to 
M by the maps 

F i (p,t) = (F i (p),t i /F i (p),t) and G<(p, t) = (ti/Gi(p), G<(p), t), 

defined on subsets of M. The fiber Xt over t is simply the stable Riemann 
surface obtained by removing the disks {\zi\ < Iti] 1 ^ 2 } and {\wi\ < lU] 1 ^ 2 } and 
gluing the boundary circles by the relation Wi = tj/zj. If U = 0, the node is 
unchanged. 

Let Q be the space of holomorphic quadratic differentials on Xq with at 
worst simple poles at the nodes. Choose ig — 3 — k Beltrami differentials /Uj on 
Xq \ [J(Ui UVi) so that no nontrivial linear combination of the \ii pairs trivially 
with a quadratic differential in Q. Given s £ A^ 9_3_fe for sufficiently small e. 
the Beltrami differential fi s — ^s,/ij satisfies ||/i s ||oo < 1. 

Wc define a family of stable curves y — > A^ 9 ~ 3 ^' t ' x Aj by endowing y = 
A" x A 3s ~ 3 ~ fe with the complex structure on y defined by placing on each fiber 
X* over (s,t) the Beltrami differential fj, s . 

We obtain a holomorphic (orbifold) coordinate chart A 3s_3_& x A* — > A^g 
sending (s,t) to the point representing the stable curve X*. The family y is 
the pullback of the universal curve by this coordinate chart. 

Lagrangian markings. Given a genus g stable curve X, a Lagrangian sub- 
group of Hi (X; Z) is a free Abelian subgroup L of rank g such that Hi (X; Z)/L 
is torsion- free and the restriction of the intersection form on Hi(X;Z) to the 
image of L under the canonical projection Hi(X; Z) — > Hi(X; Z) is trivial. 

Fix a free Abelian group L of rank g. A Lagrangian marking of a genus g 
stable Riemann surface X by L is a monomorphism p: L — * Hi{X\'L) whose 
image is a Lagrangian subgroup. The image necessarily contains the sub- 
group C(X) of Hi(X; Z) generated by the nodes. Thus we may assign to each 
node of X its "homology class" in L, an clement of L well-defined up to sign. 

Let A4 g (L) be the space of genus g stable Riemann surfaces with a La- 
grangian marking by L and A4 g (L) C M. g (L) the subspace of nonsingular sur- 
faces. If we identify L with a Lagrangian subgroup of iii(£ g ; Z), we have 

M g (L) =T(£ 9 )/Mod(E g ,L), 
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where Mod(£ g , L) is the subgroup of Mod(E 9 ) hxing L pointwise. Moreover 

M g (L) = T(£ g ,L)/Mod(£ s ,L), 

where T(E g ,L) C T{T lg ) is the locus of stable Riemann surfaces which can be 
obtained by collapsing only curves on E g whose homology class belongs to L 
(including homologically trivial curves). 

Given a nonzero 7 € L, there is the divisor L> 7 C M. g (V) consisting of stable 
curves where a curve homologous to 7 has been pinched. D 1 and D_ 7 are the 
same divisor. 

The above plumbing coordinates provide in the same way coordinates at the 
boundary of Ai g (L). 

Weighted stable curves. Given a free Abelian group L, we define an L- 
weighted stable curve to be a geometric genus stable curve with an element of 
L associated to each cusp of X, called the weight of that cusp, subject to the 
following restrictions: 

• Opposite cusps of Xq have opposite weights. 

• The sum of the weights of the cusps of an irreducible component of X is 
zero. 

• The weights of X span L. 

In other words, the first two conditions mean that the weights are subject to 
the same restrictions as the residues of a stable form. 

We say that two L- weighted stable curves X and Y are isomorphic (resp. 
topologically equivalent) if there is a weight-preserving conformal isomorphism 
(resp. homeomorphism) X — > Y. 

The notion of an L-wcighting of a geometric genus stable curve X is in 
fact equivalent to a Lagrangian marking p: L — > Hi(X;Z) (necessarily an iso- 
morphism because X is genus 0). If a c <G Hi(X;Z) is the class of a positively 
oriented curve around a cusp c with weight w, the marking p maps w to a c - 

Weighted boundary strata. An L-weighted boundary stratum is a topo- 
logical equivalence class in the set of all L-weighted stable curves. If X is an 
L-weighted stable curve having m components C 2 :, each homeomorphic to P 1 
with rii points removed and with each component having distinct weights, then 
the corresponding L-wcightcd boundary stratum is an algebraic variety isomor- 
phic to 

m 

i=i 

where M.Q, n is the moduli space of n labeled points on P 1 , with each point being 
labeled by its weight. 

The notion of a L-weighted boundary stratum is in fact equivalent to that of 
a boundary stratum in Ai g (L). Wc consider two marked stable curves (X, p) and 
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(Y, a) in M g {L) to be equivalent if there is a homeomorphism / : X — > Y which 
commutes with the markings, and we define a Lagrangian boundary stratum 
in dM. g {L) to be an equivalence class of this relation. A Lagrangian bound- 
ary stratum is simply a maximal connected subset of dM g {L) parameterizing 
homeomorphic stable curves. 

In view of the above correspondence between L-weightings and Lagrangian 
markings by L, every L-weightcd boundary stratum iS can be regarded canoni- 
cally as a geometric genus zero Lagrangian boundary stratum S C M g {L), and 
vice- versa. 

Given an L- weighted boundary stratum S, we define Weight (S) C L to be 
the set of weights of any surface in S. 



Embeddings of strata. Suppose now that X is a lattice in a degree g number 
field F. Given an X-weighted boundary stratum S and a real embedding t of 
F, we define p L : S — > P£lAi g by associating to a weighted stable curve X the 
unique stable form on X which has residue t(u>) at a cusp with weight w. The 
i th embedding S L of S is its image under p L . 



Similar strata. Suppose X and J are lattices in a number field F. We say 
that X and J- weighted stable curves X and Y are similar if there is a conformal 
isomorphism X — ► Y which sends each weight x to Xx for some fixed A G F. 

We say that two weighted boundary strata are similar if they parameterize 
similar weighted stable curves. Note that if the unit group of F is infinite, then 
X-weighted boundary stratum is similar to infinitely many distinct X-wcightcd 
boundary strata. 



Extremal length and the Hodge norm. Given any Riemann surface X, 
the Hodge norm on H\(X;M.) is defined by 

IItIIx = sup 

ugf!i(X) 

where fli(X) denotes the space of forms with unit norm, for the norm 

\ 1/2 

M 2 • 

X / 

Given a curve 7 on a Riemann surface X, we write Ext(7) for the extremal 
length of the family of curves which are nomotopic to 7, that is 

Ext( 7 ) = sup^I 

where the supremum is over all conformal metrics p{z)dz with p nonnegative 
and measurable, 



L(p) = inf / p(z)\dz\, 
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and 

A(p) = f p{zf\dz\\ 
JX 

The relation between curves with small extremal length and homology classes 
with small Hodge norm is summarized by the following two Propositions. 

Proposition 3.1. For any curve 7 on a Riemann surface X , we have 

|| 7 || 2 Y < Ext( 7 ). 

Proof. Choose a form uj such that \\uj\\ = 1 and | f„ f uj\ = \\j\\x- Regarding \uj\ 
as a conformal metric on X, we obtain 



IItIU 

thus 



UJ 



7 



< M 



7 



ii 7 iii<i(Mr<Ext( 7 ). ■ 

Proposition 3.2. Given any Riemann surface X, there is a constant C - 
depending only on the genus of X - such that any cycle 7 € H\(X; Z) is homol- 
ogous to a sum of simple closed curves 7 i, . . . , 7n such that for each i, 

Ext( 7i ) < C|| 7 ||| (3.1) 

Proof. Let uj be a holomorphic one- form on X such that Imw is Poincare dual 
to 7 . Since Imw has integral periods, the map /: X — » R/Z defined by f(q) = 
fp Imuj (with p a chosen basepoint) is well-defined. The horizontal foliation of 
uj (that is, the kernel foliation of Imw) is periodic, and each fiber 7r = / _1 (r) is 
a union of closed, horizontal leaves of uj. Giving the leaves of 7 r the orientation 
defined by Rew, we can regard 7r as a cycle in H\(X; Z) which is homologous 
to 7. By Poincare duality, 



length(7,.) = / Kcuj = f Rcuj A Im uj = ^|M| 2 
J~f r Jx 2 

1 2 



so each component of j r has length at most ||w|| /2. 

Since uj has at most 2g — 2 distinct zeros, there is an open interval / C R/Z 
of length at least l/(2g — 2) which is disjoint from the images of the zeros of 
uj. Choose some r E I. The inverse image /~ 1 (7) consists of flat cylinders 
Ci, . . . , C„, each of height at least l/(2g — 2), and with each Ci containing a 
component 7* of "f r . We obtain the bound, 

Mom) - (2g-l)\nr (3 ' 2) 

for the modulus of Ci. From monotonicity of extremal length, (see |Ahl66[ 
Theorem 1.2]) we have Ext( 7 £) < 1/ Mod(C 4 ), which with ^ implies (j3~T|) 
(setting 7i = 7 *). ■ 

Remark. A similar argument is used by Accola in |Acc60| , where he shows that 
\\j\\x is equal to the extremal length of the homology class 7 . 
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4 Period Matrices 

In this section, we study period matrices as functions on M. g . We develop a 
coordinate-free version of the classical period matrices. We see that exponentials 
of entries of period matrices are canonical meromorphic functions on M g (L), 
and we calculate the orders of vanishing of these functions along boundary 
divisors of M g {L). 

Fix a genus g surface S g and a splitting of -Hi(£ ff ;Z) into a sum of La- 
grangian subgroups, 

fli(E 9 ;Z) =L®M. 
Given a surface X € T(E S ), integration of forms yields isomorphisms 

Pf : Q(L) -> Hom z (i, C) and P§ : Q(X) -► Hom z (M, C). 

We obtain a holomorphic map 

T(S ff ) -> Hom c (Hom z (i, C), Hom z (M, C)) ^I® Z I%C, (4.1) 

where the second map uses the isomorphism L — * M* provided by the inter- 
section form. The Ricmann bilinear relations imply that the image of the map 
(|4.ip lies in Sym z (L). so we obtain a holomorphic map, 

$:T(£ 3 )^Sym z (L)®C, 

and the dual homomorphism. 

$*: S z (Hom(L,Z)) -> HolT(£ s ), 

where HolT(S 9 ) denotes the additive group of holomorphic functions on T(S 9 ). 

The map $* is just a coordinate-free version of the classical period matrix. 
If we choose a basis (a,) of L and dual bases (/3j) of M and (uii) of 0(X), the 
period matrix is (t^) where Ty = The map is simply 

$*(a* (gia*) = r ?;j , 

where (a*) is the dual basis of Hom(X, Z). 

The map $* depends on the choice of the complementary Lagrangian sub- 
group M. Every complementary Lagrangian is of the form 

M T = {m + T(m) : m G M}, 

for some self-adjoint T: M — > i. Suppose we choose a different complemen- 
tary Lagrangian My, and <I>*n i s the corresponding homomorphism. The new 
homomorphism $^ is related to the old one by 

^(z) = $*(z) + (z,T>, 

where we are regarding T as an element of Sym z (L). It follows that the functions 
ty(x) = e 27 ™* ( x > do not depend on the choice of M and so descend to nonzero 
holomorphic functions on M g (L). We obtain a canonical homomorphism 

* : S z (Hom(L, Z)) -> Hoi* X 3 (L). 
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Theorem 4.1. For each a £ Sz(Hom(£, Z)), the function v &(a) is meromorphic 
on A4g(L). For each nonzero 7 € L, the order of vanishing of^(a) along D y is 

ordu 7 *(a) = (7® 7, a). 

"J (a) is holomorphic and nowhere vanishing along any Lagrangian boundary 
stratum obtained by pinching a curve homologous to zero. 
If S C dMg(L) is a Lagrangian boundary stratum with 

(7<g>7,a}>0 (4.2) 

for all 7 G Weight (5), then ^(a) is holomorphic on S. If the pairing (|4.2p is 
zero /or all 7 G Weight(iS), £/ien ^(a) ?s nowhere vanishing on S. Otherwise 
"J (a) vanishes identically on S. 

Proof. We use in this proof the plumbing coordinates and related notation in- 
troduced in <J3] Let X be a stable curve with nodes n\, . . . .rik obtained by 
pinching curves 71, ... ,7k with homology classes [71], . . . , [7^] £ L. Let 

y —t B := Al g - 3 ~ k x A k 

be the family of stable curves constructed above with X the fiber over (0,0). 
The nodes of this family arc contained in the open sets 

W, := V, x A 3 /- 3 - k = {( Xi ,yi,a,t) e A, x A, x A 3 /- 3 ~ k x Af : x iVi = U], 

for i — 1, . . . , k. Define sections Pi,qi'. B — > y with image in dWi by 

Pi(s,t) = (l,ti, s,t) and q^s, t) = (U, 1, s, t). 

Choose ai ® CH2 € Sz(Hom(L, Z)) and let 77 be the holomorphic section of 
the relative dualizing sheaf tuy/g such that each period homomorphism L — > C 
defined by each restriction 77^ to the fiber X£ agrees with a,\ : L — ► Z. 

On Wj we may express 77 as 

ai([7<]) dx i , f , , , /a q\ 

27H 

with fi and <?i holomorphic functions of Xi,yt, s, and t. 

Let [—1, 1] — * Wj be a path in the fiber of Wi over (s,t) joining pi(s, t) 
to qi(s,t). We may explicitly parameterize this path as 



(y/ii - r(l - y^), UIW% - r(l - s, t) if r < 

(*i/(r(l - + r(l - + VU, s , *) i f r > 0. 



We may choose a continuous family of 1-chains 5^ in X£ with endpoints in 
{pi(s , t) , qi(s , t)} k =1 such that 



^,o + E*([7M 
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is a 1-cycle whose intersection with classes in L agrees with the homomorphism 
012 ■ L — ► Z. 
We have 



(4.4) 



where we use the notation E(z) = e 2 ™. The integral J gs rjf is an integral 
of a holomorphically varying form over a 1-cycle with holomorphically varying 
endpoints, and so its contribution to (|4.4p is holomorphic and nonzero. Thus it 
does not contribute to the order of vanishing of \&(ai <%> 0.2)- 
The integral 

fi dxi + gi dxi 



is a finite holomorphic function of s and t and so does not contribute to the 
order of vanishing of \&(ai <£> 0:2). The factor of ^(ai CS> a 2 ) coming from the 
first term of (|4.3[) is 

E ( ai([ 7i ])a a ([ 7< ]) / —) = tT {[li])a2{[li]) . 



In our (s, i)-coordinates for A4 g (L), the divisor D li is the locus {i, = 0}. 
We have seen that in these coordinates, 

*( ai ® a 2 )(a,t) = k(s,t) Y[t?<- M)aa(s * ]) , (4.5) 

with k a nonzero holomorphic function. Thus ^(ai ® 0:2) is meromorphic with 
the desired orders of vanishing. 

Now suppose iS is a Lagrangian boundary stratum and a €E Hom(L, Z) with 
( 7 ® 7 , a) > for each weight 7 , we see from (|4.5I) that ^(a) is holomorphic on 
iS, since each ti has nonncgativc exponent. If (707,0) > for some weight 7, 
then some i, has positive exponent, so ^(a) vanishes on iS. I 

We will also need the following strengthening of this theorem. 

Corollary 4.2. Let S C dAA g (L) be a Lagrangian boundary stratum obtained 
by pinching m curves on S g whose homology classes are 7 i,.. ., 7 „ G £. Tafce 
foca/ coordinates t\,...,t n around some x £ S in which the divisor D li of 
curves obtained by pinching 7 j is cut out by the equation ti = 0. Then for any 
a £ Sz(Hom(L, Z)), the function 



-(787,0), 

i=l 

is holomorphic and nonzero on a neighborhood of x. 
Proof. This follows immediately from 
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5 Boundary of the eigenform locus: Necessity 



In this section we begin the study of the boundary of the locus of Riemann 
surfaces whose Jacobians have real multiplication. We give an explicit necessary 
condition for a stable curve to lie in the boundary of the real multiplication locus. 
In SjHl we will see that this condition is also sufficient in genus three. 

In all that follows, F will denote totally real number field of degree g, O will 
denote an order in F, and T will denote a lattice in F whose coefficient ring 
contains O. 

The real multiplication locus. The Jacobian of a stable curve X is 

jacpc) = n{xy /h 1 {x-'l) = npr)7fli(jr ;Z), 

where Xq C X is the complement of the nodes. The Jacobian is a compact 
Abelian variety if each node of X is separating, or equivalently if the geometric 
genus^of X is g. Otherwise it is a noncompact semi- Abelian variety. We denote 
by M. g C M g the locus of stable curves with compact Jacobians. The Torelli 
map t: M g — > A g maps each Riemann surface to its Jacobian. 

Let TZM.Q C Ai g be the locus of Riemann surfaces whose Jacobians have 
real multiplication by O. In other words, HftAo = t~ 1 (TZAo)- If 9 is 2 or 3, 
then t is a bijcction, so TZA4q is a g-dimcnsional subvaricty of Ai g . In general, 
it is not known what is the dimension of IZMo, or even whether TZMo is 
nonempty. 

We define £q C PilA4 g to be the locus of cigenforms for real multiplication 
by O and £ L to be the locus of t-eigenforms. The Torelli map exhibits £ L as a 
one-to-one branched cover of £A L = Xq. 

Admissible strata. The tensor product F <E>q F has the structure of an F- 
bimodule. We define 

A 1 = {x G F F : A • x = x ■ A for all A G F}. 

Proposition 5.1. A 1 C Sym ( Q,(i 7 '). 

Proof. Identify F with HoniQ(F, Q) via the trace pairing. This induces a canon- 
ical isomorphism F <£>q F — ► HomQ(F, F). Under this isomorphism, SyniQ(F) 
corresponds to the self-adjoint endomorphisms HoniQ (F, F), and A 1 corresponds 
to Hoirf(F, F). Since left multiplication by x G F is self-adjoint, Homp(F, F) C 
Kom+ (F,F). M 

Identifying F with its dual as above, the dual of Sym,Q,(F) is Sq(F). We let 
Ann(A 1 ) C Sq(F) denote the annihilator of A 1 . 

Given an X-wcightcd boundary stratum iS, we define the following cone and 
subspacc of Sq(F): 

C(S) = {x<E S Q (F) : (x, a <g> a) > for all a G Wcight(5)} 
N{S) = {xe S Q (F) :(x,a®a)=0 for all a G Weight(5)}. 
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We say that an Z-weighted boundary stratum S is admissible if 

C(5) n Ann(A 1 ) C N(S). (5.1) 

We will see in Corollary 18.21 that if X is a lattice in a cubic field, then there are 
only finitely many admissible X-weighted boundary strata up to similarity. 

Algebraic tori. Fix an X- weighted boundary stratum S. There is a surjective 
map of algebraic tori: 

p: Hom(A(5) n S Z (Z V ), G m ) Hom(A(5) n Ann(A 1 ) n S Z (Z V ), G m ). (5.2) 

The reader unfamiliar with algebraic groups should think of G m as the multi- 
plicative group C* of nonzero complex numbers. 

By the discussion at the end of Sj3j we may regard S as a boundary stratum 
of M g {I). By Corollary |4.21 for each nonzero a e N(S) n Sz(Z v ) the restriction 
of &(a) to S is a nonzero holomorphic function on S. We obtain a canonical 
morphism, 

CR: S -> Hom(A(5) n S Z (Z V ), G TO ). (5.3) 

Recall that E(X) is the torsion Abelian group of symplectic extensions of 
X y by X. Identifying Hoii1q(F, F) with SymQ(F) via the trace pairing, the 
isomorphism of Theorem 12.11 becomes an isomorphism, 

Sym Q (f )/(A : + Sym z (X)) -> E(I). 

Given T e Sym Q ( J F) and a £ N{S) H Ann(A 1 ) n S Z (X V ), we define 

q(T)(a) = e - !hri < T ' >. (5.4) 
Since q(T)(a) = 1 if T lies in A 1 or Sym z (X), (|5.4|) defines a homomorphism, 
<?: Hom(A(5) n Ann(A 1 ) n S z (X v ),G m ). 

Given a symplectic extension T € E(X), we define 

G(T)=p- 1 (q(T)), 

a translate of a subtorus of Hom(A(5) n Sz(X v )). We then obtain for each 
extension T a subvariety of S: 

S(T) = CR _1 (G(T)). 

We define 5 l (T) C POA? g to be the image of S(T) under p L . 

If 5 is an X- weighted stratum and S' is a similar al- weighted stratum, then 
the subvarieties S(T) and S'(T a ) are identified under the canonical isomorphism 
S —> S' . Thus the variety S(T) can be regarded as depending only on the 
similarity class of S and the cusp packet (X, T). 
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Boundary of IZMo. We can now state our necessary condition for a stable 
curve to be in the boundary of IZMo- 

Theorem 5.2. Consider an order O in a degree g totally real number field 
F, a real embedding i of F, and a cusp packet (I,T) £ C{0). The closure in 
¥flM g of the cusp of £ L associated to (I,T) is contained in the union over all 
admissible 1 -weighted boundary strata S of the varieties S L (T). 

The closure of the corresponding cusp of IZMo in M g is contained in the 
union over all Z -weighted boundary strata S of the images of the S(T) under 
the forgetful map to M g . 

The proof of Theorem 15.21 comes at the end of this section. 

Auxiliary real multiplication loci. Given a cusp packet (T,T) £ C(0), let 

KM (T,T) C M g {I) 

be the locus of Riemann surfaces with Lagrangian marking (X, p) such that 
Jac(X) has real multiplication by 0, the marking p: I — > Hi(X;1) is an O- 
module homomorphism, and the extension of O-modules 

p{I) -> Hi{X;Z) -> H 1 (X;I,)/p{I) -> 

is isomorphic to the extension determined by (X, T) . 

We also have bundles of eigenforms over 7ZA4o(T,T). On Ai g (T), there is 
the trivial bundle fl L Aig(T) of forms ui such that for some constant c and for 
each A £ X, we have J p ^ w = ct(A), where p is the Lagrangian marking. The 

restriction n i KMo(T, T) of n L M g (2) to KMo{T, T) is the trivial line bundle 
of (,-eigcnforms. We denote its projectivization by £ (T,T) C ¥ClM. g (X). 

Given a cusp packet (I, T) and a symplectic isomorphism p : I © T v — > 
Hi(E g ;Z), we define 

Rr (I,T,p)cT(E 9 ) 

to be the locus of marked Riemann surfaces (X, f) such that Jac(X) has real 
multiplication by O and the symplectic Z-modulc isomorphism 

Uop: (IeI v ) T ^^i(I;Z) 

is also an isomorphism of symplectic O-modules. 

The homomorphism p determines a Lagrangian splitting of ifi(S g ;Z), and 
we obtain as in fJHa holomorphic map $: T(E S ) — > Sym z (2") <E> C. 

Proposition 5.3. We have 

lZTo{T, T, p) = f&^^A 1 ® Q C-T) 

Proof. In this proof, we will identify Sym z (X) with Hom + (X v ,X). Under this 
identification, we have 

Sym z (X) ® C = HomJ(X v ® C,l <g> C), 
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A 1 <g> C = Hom+(X v <g> C, X <g> C) 
(i):=$(I,/)€HomJ(I v ®C,I«C), and 
T e Hom+(X v <g> Q,Z® Q). 

We have two splittings of Hi(X; C): the one induced by p, 

#i(X;C) = (X®C)©(X V ®C), 

and the Hodge decomposition, 

#i(X;C) =Hom(r2(X),C)eHom(?XX),C). 

The Hodge decomposition is determined by the map <f>: T v £3> C — > X ® C: 

Hom(fi(X), C) = Graph(0). (5.5) 

The O-module structure of Hi(X; C) inherited from that of (I(BT v )t induces 
real multiplication on Jac(AT) if and only if it preserves the Hodge decomposi- 
tion. By (|5.5p . the Hodge decomposition is preserved if and only if 

cf>(X-a) = A • 4>(a) + [M x ,T](a) 
for all a E T v and A E O, which holds if and only if 

(0 + T)(A-a) = A-(0 + T)(a), 
that is, if and only if <p + T E A 1 . ■ 
Corollary 5.4. Given any a E Ann(A x ) C Sz(I v ), we have 

*(o) = g(T)(o) 

on 1lMo{l,T). 

Proof. This follows directly from Proposition 15.31 and the definition of q. I 

Invariant vanishing cycles. Consider a family X — > A of stable curves which 
is smooth over A* in the sense that the fiber X p over nonzero p is smooth. Any 
such family defines a holomorphic map A — ► M g sending p to X pi and conversely 
any holomorphic disk A — > sending A* to Ai g , after possibly taking a base 
extension (a cover of A ramified only over 0), arises from such a family. 

In any smooth fiber X p , there is a collection of isotopy class of simple closed 
curves, which we call the vanishing curves which are pinched as p — » 0. The 
vanishing curves are consistent in the sense that given any path in A* joining p 
to q, the lifted homcomorphism / : X p — > X q (defined up to isotopy) preserves 
the vanishing curves. The vanishing cycles in Hi(X p ;Z) are those cycles gen- 
erated by the vanishing curves. Trivializing the family over a path starting and 
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ending at p yields a homeomorphism of X p which is simply a product of Dehn 
twists around the vanishing curves. Thus the monodromy action of TT\(A*,p) 
on Hi(X p ]Z) is unipotent and fixes pointwise the subgroup V p C Hi(X p ;Z) of 
vanishing cycles. 

Real multiplication by O on the family X — > A is a monomorphism p: O =— > 
End Jac^/A, where J&Cx/a — > A is the relative Jacobian of the family X — > A. 
This is equivalent to a choice of real multiplication p: O — > Jac(X p ) for each 
smooth fiber X p with the requirement that each isomorphism Fl\(X p \7L) — ► 
_ffi(AT 9 ;Z) arising from the Gauss-Manin connection commutes with the action 
of 0. 

Proposition 5.5. Consider a family of genus g stable curves X — > A, smooth 
over A*, wii/i rea/ multiplication by O. For each nonzero p, the subgroup V p C 
i?i(X p ;Z) of vanishing cycles is preserved by the action of O on Hi(X p ;Z). 

Proof. Since the action of O on first homology commutes with the Gauss-Manin 
connection, it is enough to show that V p is invariant for a single p. 

Let A £ O be a primitive element for .F. For any 7 £ iJi(X p ;Z), we have 
the bound, 

||a- 7 ||a- p < HAlUMIx,, 

where ||A||oo = sup t |t(A)|, with the suprcmum over all field embeddings u: F — > 
R, and || • ||x is the Hodge norm introduced in fj3] 

There is a constant D such that Ext (7) > D for any curve 7 on X p which 
is not a vanishing curve. For any e > 0, we may choose p sufficiently small that 
Ext(7i) < e for any vanishing curve 7,. By Proposition 13. 11 we have 

||A- 7i |U p < HAII00IMI < l|A||oc.e 1/2 . 
By Proposition 13. 21 A • 7,; is homologous to a sum of simple closed curves 6j with 

Ext(^) < C||A||^e. 

Thus Ext(<5j ) < D if e is chosen sufficiently small. The 5j must then be vanishing 
curves. Thus the action of A preserves V p , and since A is a primitive element, 
V p is preserved by O. ■ 

Corollary 5.6. Each stable curve in IZAAo C M. g has geometric genus either 
or g. 

Proof. Suppose X is a stable curve in IZAAo- Choose a family of stable curves 
X — ► A, smooth over A*, with real multiplication by O, with X the fiber over 0. 
The geometric genus of X is g— rank Vp for any nonzero p. By Proposition 15. 51 
V p <g> Q is a vector space over F, so dimjj Vp £§> Q must be a multiple of [F : Q] = 
9- ■ 
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Proof of Theorem 15.21 Consider (Xq,u>o) in the closure of the cusp of £' 
determined by the cusp packet (X, T). We first claim that (X ,ujo) must lie in 
the image of £ a (I,T) C POM 9 (X,T). Since £q is a variety, we may choose 
a holomorphic disk /: A — > Eq sending to (Xq,u>q) and A* to the cusp of 
£q determined by (X, T). Possibly taking a base extension, we may assume / 
arises from a family of stable curves X — > A with real multiplication by O. For 
each p £ A* , the vanishing cycles V p for the fiber X p over p are O-invariant by 
Proposition 15. 5i so we obtain an extension of O-modules 

V p -> i?i(X;Z) -> ff!(A:;Z)/y p -► 0, 

which must be isomorphic to the extension determined by (X, T) . Since the 
monodromy action of 7Ti(A*,p) on V p is trivial, we may identify each V q with 
X and obtain a consistent Lagrangian marking of Hi(X q ;Z) by X for each q, 
which defines a lift g: A ->■ T a (l,T) C POM 3 (X). It follows that (X ,Wo) lies 
in the image of some (Y, 77) € £e>(X, X) as claimed. 

The form (Y, rf) must lie in some boundary stratum S L C fQ,M. g (I) lying 
over a boundary stratum S C A^ g (I). We must then show that if the inter- 
section S n lZA4o{Z, T) is nontrivial, then S is admissible, and moreover that 
SnTZM (I,T) c S(T). 

Suppose that the stratum S is not admissible, so the cone condition (|5.1[) 
does not hold. Then there is some a in C(S) n Ann(A : ) n Sz(I v ) but not in 
N(S). By Theorem S3] the function \&(a) is holomorphic and identically zero 
on S. By Corollary 15 .4[ ^(a)(x) = q(T)(a), a nonzero constant on TZA4o(%,T). 
In particular, iff (a) is nonzero along SnlZA4o(Z, T) 7^ 0, a contradiction. Thus 

5 is admissible. 

Since *(o)(a;) = q(T)(a) onTZ M (l,T) for all a g A(5)nAnn(A 1 )nS z (X v ), 
it follows immediately that KM (Z, T) n 5 C 5(T). ■ 

6 A geometric reformulation of admissibility 

The aim of this section is to give a more explicit reformulations of when an 
X-weighted boundary stratum is admissible. 

The no-half-space condition. Consider a finite dimensional vector space 
V over Q. We say that a set S = {v\, . . . ,v n } C V satisfies the no-half-space 
condition if it is not contained in a closed half-space of its Q-span. Equivalcntly, 
S satisfies the no-half space condition if and only if zero is in the interior of the 
convex hull of S. 

The reformulation. Consider a totally real number field F with Galois clo- 
sure K. Let G = Gal(AVQ) and H = G&\(K/F). We define I = H x H x Z/2Z, 
with Z/2Z acting on H x H by exchanging the factors. The group I acts on G 

by 

(hi,h2,e) ■ 7 = h 2 j e h 1 l , 
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where e = ±1 G Z/2Z. We let Stab(cr) C / denote the stabilizer of a G G, and 
we define a homomorphism <p a : Stab(a) — > G by 

I n,i<7 it e = — 1. 

Let G CT = 0o-(Stab(cr)) and A'o- = A" Gct . We define for each a G G a quadratic 
map Q CT : A — > A CT by 

Qtr(t) = to~ ^(t). 

Theorem 6.1. ^4 weighted boundary stratum with weights {t\, . . . , t„} C F is 
admissible if and only if for each a G G\H , the set {Q a {t\), ■ ■ ■ , Qa{tn)} C A CT 
satisfies the no-half-space condition. In fact, it is enough to check this for each 
a in a set of orbit representatives ofG/I. 

The tensor product A<g) A has the structure of a A-bimodule. Given a G G, 
wc define 

A a K = {\ E K (& K : x ■ \ = \ ■ a(x) for all x G A'}, . 

generalizing the definition of A 1 G SyniQ(A) in Sj5] 

The trace pairing {x,y)x = Tr^ (xy) on A induces a pairing on A (8) A: 

(sci ® £2,2/1 ® 2/2) = {x 1 ,y 1 ) K {x2,y2)K- 

Lemma 6.2. Let r±, . . . , r g be a basis of A over Q and S\, . . . ,s g the dual basis 
with respect to the trace pairing. The element 

a 

e a =^r l ® a(si) G K ® K. 
i=i 

lies in A CT and does not depend on the choice of basis (r^). Moreover, for any 
x G A" CT and t £ F, we have 

(xe a ,t®t} = [K:K a ](x,Q (7 (t)) Kti . 

Proof. Identifying A <g> A with Hom<Q)(A, A) via the trace pairing, A CT corre- 
sponds to 

{<t>: A -> A : 0(xA) = cr(x)^(A) for all x, A G A}. 

Under this correspondence, e CT is the canonical map 4>a-(x) = a(x). Thus, e a G 
A CT and does not depend on the choice of the r^. 
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Now, write t G F as t = ^i <T ( r i) f° r U G Q- We calculate 

{xe ai t®t) = (y2,xr k ® a(s k ),^2t t t m a(r e ) ® cr(r TO ) \ 

\ fe / 

= ^ ttt m {xr k ,a(re)) K {a{s k ),a(r m )) K 

k,£,7n 

= T4(xta- 1 (t)) 

= [K : K a ]Tv^(xQ a (t)). U 

Proof of Theorem 16.11 We first wish to identify Sym^F) and the orthog- 
onal complement (A^) 1 - as subspaces of K ® K. We have the orthogonal de- 
composition. 

K ® K = A a K . 

<jEG 

SymQ(F) is the subspace of K <g> K fixed by the action of /, so 

Sym Q (^)= Y\ 

tEG/I 

where for each orbit t G G/I, we define T T to be the subspace of ff£T Af- 
fixed pointwise by the action of /. Given any a in an orbit r G G/I, we define 
the isomorphism v a : K a — > T r by 

7e//Stab(<r) 7G//Stab((r) 

Choose a set cti = 1, 02, . . . , a n G G of representatives of the orbits G/I. We 
obtain an isomorphism, 

n 

v - ©^^(A^cSym^F), 

defined by v(xi)f =2 = (v ai (xi))f =2 . By Lemma I6T21 we have for any G A' CTi 
and £ G F, 

n 

(«(a*)SU.* ® *) = 1i(^i,QAt))K^ , (6.1) 
i=2 

for some positive rationals g^. 

Now, identifying Ann(A^) C Sq(F) with (A^) 1 - C Sym Q (F) via the trace 
pairing, the admissibility condition is that for any x G (A^) , if (x, ti <8> ii) > 
for all i, then (x,ti ®ti) = for all i. By (|6.ip . this is equivalent to the Q a (ti) 
satisfying the no-half-spacc condition for each i. ■ 
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Cubic fields. We now suppose F is a cubic field. Define a quadratic map 
Q : F -> F by 

Q(x) = N$(x)/x. 
In this case, Theorem 16.11 becomes 

Corollary 6.3. Given a totally real cubic field F, a weighted boundary stratum 
with weights {t\, . . . ,t n } C F is admissible if and only if {Q{t\), . . . , Q(t n )} C F 
satisfies the no-half-space condition. 

Proof. If F is Galois, this follows directly from Theorem 16.11 so suppose F is 
non-Galois with Galois closure K. We may identify G = Gal(if/Q) with the 
symmetric group S3 with F = A"' 12 '. The action of I on G has two orbits, so 
we need only to check the condition of Theorem 16.11 for a single a £ G\ H. 
Take a = (13). We have (132) ■ Q (12) {x) = Q(x) for all x £ F, thus the two 
conditions coincide. ■ 



7 Rationality and positivity 

In this section, we study in more detail the irreducible strata - that is, those 
that parameterize irreducible stable curves - in the boundary of the real mul- 
tiplication locus. Given a basis r = (r±, . . . ,r g ) of a lattice X C F, we write 
S r for the associated X- weighted boundary stratum, parameterizing irreducible 
stable curves having 2g nodes with weights ±r 1; . . . , ±r ff . We say that r is an 
admissible basis of X if S r is an admissible stratum in the sense of $5j 

We introduce in this section two additional properties of bases of number 
fields which we call rationality and positivity. We show that for totally real 
cubic fields, rationality and positivity together are equivalent to admissibility. 
For higher degree fields, the relation between these conditions is not clear. We 
then show that the rationality and positivity conditions are necessary for an 
irreducible stratum to intersect the boundary of the real multiplication locus. 
Finally, we give a geometric interpretation of the rationality and positivity con- 
ditions in terms of the geometry of locally symmetric spaces, from which we 
conclude that there any lattice has only finitely many rational and positive 
bases, up to similarity. 

Rationality and positivity. Consider a basis r = (n, . . . , r g ) of a lattice in 
a totally real number field F. We denote by (sj)f =1 the dual basis. We say that 
r is rational if 

— /— £ Q foralH^j. 

Si Sj 

We say that r is positive if 

n 

— > for all i, 

Si 

where i»0 means that x is positive under each embedding F — > K. 
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As an intermediate technical notion we say that r is weakly positive if 
— /^>0 for alii ^j. 

Si Sj 

Lemma 7.1. Every weakly positive and rational basis of F is positive. 

Proof. Suppose (r.;) is a basis of F which is weakly positive and rational but 
not positive. We define for each j 



a® 



r (i) 
' 1 



1/2 



and for each i, the vectors 

r i = (aWrV ) ) B j=1 and Si = (s ? W /a«)? =1 . 

Note that the bases (r,) and (Si) are dual with respect to the standard inner 
product on K™. For each i, define 

n ,n 

Qi = —/—• 

Si Si 

By weak positivity and rationality, each qi is a positive rational. We then have 
for each i and j 

¥f ] = e^sf (7.1) 

with each e^) = ±i. Since the basis (rj) is not positive, we must have e"' = —1 
for some j. Consider the matrices R = (Rij) = {r^) and S = {Sij) = (s^ ). 
Let -D e be the diagonal matrix with e^> the j th diagonal entry, and define D q 
similarly. We then have by (|7.ip , 

S = D q RD e , 

so since R t S = I, 

R t D q R = D^ 1 . (7.2) 

Thus R can be interpreted as an isomorphism between the indefinite quadratic 
form given by the matrix D~ x and the definite quadratic form given by D q , 
which is impossible. ■ 

Proposition 7.2. A basis (r*i, r-z, r^) of a cubic field F is admissible if and only 
if it is both rational and positive. 

Proof. Suppose that the no-half-space condition holds. If the three elements 
Q( r i)i Q( r 2), Q{f3) are Q-lincarly independent, their convex hull cannot contain 
zero. Since r\, r%, r^ are a basis of F, the Q(ri) cannot all be Q- multiples. Hence 
their Q-span is plane. Let Vi = Q(ri) x Q(n+i). One calculates that 

Vi = r i r i+1 Si +2 A(ri,r2,r 3 ), 
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where A(iui, W2, W3) = det(iu^). 

The no-half-space-condition implies that the Vi are all proportional as el- 
ements of R 3 , i.e., Vi/vj £ Q when considered as elements of F. This is the 
rationality condition. 

Moreover, the no-half-spacc condition implies that the angle between Q(r^) 
and Q(n+i) (in Span((J(rj), i = 1, 2, 3)) is strictly contained in (0, 7r). Thus the 
Vi are all pointing in the same direction. Consequently, the rational number 
is positive. This is weak positivity and the preceding lemma concludes one 
implication. 

Conversely, suppose that rationality and positivity hold for {r.;, r 2 , r 3 }. The 
first part read backwards implies that the Q(ri) lie in a plane. If the no-half- 
space condition fails, we have that v^/vj £ Q + but Vi/vk £ Q~ for a suitable 
numbering with {i, j, k} = {1, 2, 3}. This contradicts weak positivity, and hence 
positivity. I 



Necessity of rationality and positivity. Given an irreducible I-weightcd 
boundary stratum S r and a real embedding 1 of F, recall that C FttA4 g is the 
stratum of irreducible stable forms having 2g poles of residues ±t(ri), . . . , ±t(r fl ). 

Theorem 7.3. Any irreducible stable form in the boundary of £q is contained 
in iS£ for some rational and positive basis r of a lattice X C F whose coefficient 
ring contains O. 

Proof. Consider a family of stable curves X — > A, smooth over A*, the fiber Xq 
over irreducible, of geometric genus 0, and with real multiplication by O. We 
label the vanishing cycles of the fiber X p over pasai,...,a 9 , and we choose a 
family of cycles /3i,...,/3 g (with /3j defined only up to Dehn twist around a{) 
such that {on,Pi)i-i is a symplectic basis of Hi(X p ; Z). As in SjSl we may identify 
as an O-module the subspace V p C Hi(X p ;Z) spanned by the vanishing cycles 
with some lattice X whose coefficient ring contains O. Under this identification, 
the cti correspond to some r» £ X. Choose an ordering i\ = 1, . . . , L g of the real 
embeddings of F. We let lu^ £ Q(X P ) be the ij-eigenform determined by 

wC»)( a .) = r CJ>. 

We must show that the r 4 are a rational and positive basis of X. 

The plumbing coordinates from provide holomorphic functions tj : A — > C 
which parameterize the opening- up of the i th node of X . Since X p is nonsin- 
gular for p ^ 0, each function i; vanishing only at 0. We claim that for some 
positive integers rij, 

^(ft) m 1 

wW(Oi) 27T |tj| 

meaning that the ratio of both sides tends to 1 as p — > 0. 

Denote by 77^ € n(X p ) the form with r]i{a.j) = We then have 
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so after exponentiation, we obtain 



By Corollary 14. 21 we have 

E(m(Pi))=% i <f> and E(m(P j ))=il>j (7.5) 

for <j) and ipj nonzero holomorphic functions on A and rij a positive integer 
(equal to the intersection number of A with the boundary stratum where on 
has been pinched). Substituting l|7.5[) into (|7.4p and taking logarithms yields 

^>(A:) n* 1 
w U) (a.) 27T 1^1 

from which (|7.3| follows. 

Since we have identified VJ, with X as 0-modules, we also have the O-modulc 
isomorphism, 

Hi(X v ;Z)/V v = Hom(V p ,Z) = Hom(X, Z) = Z V , 

where the first isomorphism arises from the intersection pairing and the last from 
the trace pairing. Under this isomorphism, the basis (/3i, . . . , (3 g ) of Hi(X; %)/V p 
corresponds to the basis (si, . . . , s g ) of X v which is dual to (ri, . . . , r g ). Thus 
under the action of real multiplication, we have 

— • a k — cti and — ■ fj k = fa (mod V p ). 
From this and (|7.3[) . we then obtain 

-TT/-TT — I m - FT7 7/I m ^-T7 7 ~ l°g 1 — T / log 1 f (7-6) 

r «r£ j) N 1**1 

Since the right side of (|7.6p is independent of j, so is the left side. Thus 
{si/ r i)l '{sk/rt) is rational. The right side of (|7.6[) is also positive for p ~ 
because f^(0) = for all so (si/ri)/(sk/rk) is positive as well. Therefore this 
basis is both rational and weakly positive. By Lemma 17.11 the basis is then 
positive. ■ 



Finiteness of rational and positive bases. We now give a geometric inter- 
pretation of bases of lattices satisfying the rationality and positivity conditions 
as points of intersection of flats in the locally symmetric space SL s (Z)\SL ff (K)/ 
S0 9 (R). This yields a quick proof that there are only finitely many such bases 
up to the action of the unit group. 

We recall the classical correspondence between similarity classes of lattices in 
degree g totally real number fields and compact flats in SL 9 (Z)\SL 9 (R)/SO s (M). 
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Consider a degree g totally real number field F with an ordering t\ , . . . , i g of 
the embeddings of F into R. Let X be a lattice in F, which we regard as point 
in the space of lattices SL 9 (Z)\SL 9 (M). Let U(l) C Ox be the group of totally 
positive units e such that el = X. We embed U (X) in the group D C SL g (R) of 
positive diagonal matrices by the embeddings tj. By Dirichlet's units theorem, 
U(l) is a lattice in D. Let T(T) = U(T)\D, a compact torus. The stabilizer 
of X under the right action of D on SL g (Z)\SL g (R) is U(T), so we obtain an 
immersion p x : T(l) -> SL 9 (Z)\SL g (R)/SO g (R) of T(X) as a compact flat in 
SL s (Z)\SL s (R)/SO s (R). Since similar lattices lie on the same Z?-orbit, this 
associates a compact flat to each similarity class of lattices. 

Let Rec C SL g (Z)\SL 9 (M)/SO g (R) be the locus of lattices in R» which have 
a basis of orthogonal vectors, a closed (but not compact) flat isometric to R 9 /C ff , 
where C g C SO g (R) is the group of symmetries of the cube. 

Theorem 7.4. For each lattice X in a totally real number degree g number field 
F, the flat px{T(T)) intersects Rec transversely. There is a natural bijection 
between the set Pj^Rec) and the set of rational and positive bases ofX, up to 
the action ofU(X), changing signs, and reordering. 

Proof. Let Rec c SL 9 (R)/SO g (R) be the image of the diagonal orbit of the 
standard basis of R 9 , a lift of Rec to SL g (R)/SO g (R). 

Lifts of Til) to SL g (R)/SO g (R) correspond to oriented bases of X up to 
the action of the unit group by associating the flat (t$ ) • D ■ SO g (R) to the 
basis 7"i, . . . , r g . Points of p^ 1 (Rec) correspond bijectively (up to the action of 
the group C g c SL g (Z) of symmetries of the cube) to intersection points of 
px(T(I)) with Rec. Note that if a lift F intersects Rec, then so does the lift 
7 • F for any 7 S C g . These intersection points correspond to the same point 
in j»j 1 (Rec), and on the level of bases, replacing F with g ■ F corresponds to 
reordering and changing signs in the basis (r,). 

We must show that (rj ) • D ■ SO g (M) intersects Rec if and only if (r,) 
is rational and positive. Note that the rationality and positivity conditions 
make sense for bases of R", with the j th embedding rf^ interpreted as the 
j th coordinate of the vector A vector is regarded as rational if all of its 
coordinates are equal, totally positive if all of its coordinates are positive, and 
so on. With this interpretation, a orthogonal basis (ri, . . . , r n ) of R" is rational 
and positive, since the basis is orthogonal if and only if each dual vector S{ 
is a positive multiple of the corresponding r». The rationality and positivity 
conditions are invariant under the action of D, thus any basis (fj) whose D- 
orbit meets Rec is rational and positive. 

Now suppose the basis (fj) of X is rational and positive. Let (sj) be the 

dual basis. For each j, let a' J ' = *J s[^ /r[^ . Let A be the diagonal matrix 
(aW,...,a(s)), and let 

(rf) = (aWrf) and (if) = (s^/a^). 
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Note that (s^ ) is the dual basis to {rf^ ) , and A is the unique diagonal matrix for 
which the vectors (r\ ) and (sf ') arc positively proportional. If the positivity 
and rationality conditions are satisfied, we have 



3^ 1 s9 } Q, s U) 



1 ~Qi 



#0 (a«) 2 r U) (a0'))2 r (j) 

for some positive qi £ Q. Since each 3j is proportional to r,, the basis (r^) of K ff 
is rectangular, so it is the unique intersection point of (rp ) • D ■ SO g (K) and 
Rec. Otherwise for some i the vectors (rv ) and (s> ) arc not proportional, so 
the flats are disjoint. Since we saw that there was at most one intersection point 
between each lift of the two flats, these intersection points are transverse. ■ 

Corollary 7.5. The set of bases of T satisfying the rationality and positivity 
conditions is finite, up to the action of U(X) 

Proof. Since Til) is compact, there are at most finitely many intersection points 
with Rec by transversality. I 



8 Boundary of the eigenform locus: Sufficiency 
for genus three 

In this section we specialize to genus three. We prove that the boundaries of 
IZMo an d £q ar e indeed the unions of the varieties described in Theorem 15.21 
Moreover, we show how to derive these subvarieties explicitly from the weights 
of a boundary stratum. 



Boundary strata in genus three. The topological type of a geometric genus 
zero stable curve (or a weighted boundary stratum) can be encoded by a graph 
where each vertex represents an irreducible component and an edge joining 
two vertices (or possibly joining a vertex to itself) represents a node at the 
intersection of those two components. There are fifteen topological types of 
arithmetic genus three, geometric genus zero stable curves, shown in Figure [TJ 
We will refer to a stable curve represented by the j th graph in the i th row of 
Figure[T]as a type stable curve. 

An X-weighted stable curve can be represented by a graph together with 
a direction and a weight r G T attached to each edge e. The cusp on the 
component represented by the vertex at the front of e has weight r, and the 
other cusp has weight — r. 

It will be convenient have a compact notation for boundary strata without 
separating curves, the only ones which will be important in the sequel. For 
all but one of these strata the components of the corresponding stable curves 
can be arranged in chain or one loop. We code those boundary strata in the 
following way: we write [mj] for a genus zero component of the stable curve with 
mi marked points. We write x ai for the number of intersection points with the 
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subsequent curve. The possible patterns for curve systems without separating 
curves include [6], [mi] x a [m 2 ], [mi] x ai [m 2 ] x" 2 [m 3 ] or [mi] x ai [m 2 ] x° 2 
[m 3 ] x a;5 . In the last pattern, 03 is the number of nodes joining the last and the 
first component. For example, a [5] x 3 [3] boundary stratum is represented by 
graph (2, 2) in Figurc[T]and a [4] x 2 [3] x 1 [3] x 2 boundary stratum is represented 
by graph (3, 1). 

Boundary strata of type [6] parameterize irreducible stable curves with three 
nonseparating nodes, often called "trinodal curves." 

Theorem 8.1. Consider an order O in a totally real cubic number field F, a 
real embedding 1 of F, and a cusp packet (T,T) € C(0). The closure in PQA4 g 
of the cusp of Eq associated to {I, T) is equal to the union over all admissible 
I -weighted boundary strata S of the varieties S L (T). 

The closure of the corresponding cusp oflZMo m M-g * s equal to the union 
over all T -weighted boundary strata S of the images of the S(T) under the for- 
getful map to M.q. 

After some preliminary discussions, we prove Theorem lS.ll at the end of this 
section. 

Since the intersection of two algebraic subvarieties of AI3 has a finite num- 
ber of components, we obtain the following generalization for genus three of 
Theorem Ol 

Corollary 8.2. Given a lattice T in a cubic number field F, the number of 
T-weighted admissible boundary strata up to similarity is finite. 

We will discuss in Appendix lAl various aspects concerning enumerating and 
counting this set of admissible weighted boundary strata. 

In order to make Theorem 18.11 completely explicit, we will now give coordi- 
nates on some weighted boundary strata in terms of cross-ratios and give explicit 
equations cutting out the subvarieties S(T). 

We say that a weighted boundary stratum Si is a degeneration of S 2 , if Si 
is obtained by pinching a collection of curves on a surface represented by <S 2 . 
We also say that <S 2 is an undegeneration of 1S1 in this situation. 

Irreducible strata. Consider an irreducible stratum (that is, type [6] if we are 
in genus three) S r . A weighted stable curve parameterized by S r is determined 
2g distinct points pi,...,p g and p~i, ■ ■ ■ ,P- g on P 1 with weights at pi and 
— Ti at p-i, so S r = A4a.2g- For j 7^ k we define the cross-ratio morphisms 



i? M :S r ^C\{0,l}by 



R[jk\ = \pj,P-j,P-k,Pk\- 



(8.1) 



where for zi, . . .Z4 £ C, 



[Zi,Z2,Z3,Z 4 ] 



{zi - z 3 )(z 2 - z 4 ) 
(zi - z 4 )(z 2 - Z3) 
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Take (si, . . . , s g ) to be the dual basis of X v (with respect to the trace pairing) 
to . . . , r g ). We can now make the cross-ratio map CR defined in (|5.3| more 
explicit. 

Proposition 8.3. The elements Sj <E> Sfc for j ^ k form a basis of N(S r ). 
Moreover we have ^S(sj <8> s&) = R[jk] as functions on S r . 

Proof. That Sj ® Sk belongs to N(S r ) follows from the definition of the dual 
basis with respect to the trace pairing. They are obviously linearly independent 
and thus a basis by a dimension count 

Wc normalize a point P = (p- g , ■ ■ ■ ,p g ) of S r by a Mobius transformation 
so that pj = 0, p-j = oo and = 1. By definition of ^(sj ®Sk) we must choose 
the stable one-form u> on P 1 with residue ± Tr(sjT m )/27ri at the point p± m , i.e. 
we have to choose cu — dz/2-Kiz. Wc then integrate this function over the path 
whose intersection with the loop around the node at p± m is Tr(s£,r m ). On P 1 , 
this is a path 7 joining p k = 1 to p~k- We then have 

® s k )(P) = e 2 " A - = p _ k = Ry k] (P). M 

Corollary 8.4. For g = 3, after identifying Rom(N(S) n S Z (X V ),C*) with 
(C*) 3 via the basis (si ® s 2 ,s 2 (E> S3,s 3 ® si) 0/ AT(5) n S Z (X V ), f/ie map CR 
6eco?7ies 

CR = (R [12] , fl [33] , i? [3 i] ) : 5 r -h. (C \ {0, l}) 3 . 

T/ie map CR is a two-to-one branched cover which identifies orbits of the invo- 
lution i: S r — > S r which exchanges each pair pi andp-i. 

Proof. That CR is of this form follows immediately from the definition of CR 
and Proposition 18. 31 

That the map CR = (i2n2], -Rns], -R[23l) is two-to-one onto its image can 
be checked three of the Pi and solving for the rest. Interchanging each p t and 
P-i leaves each cross-ratio R[jk] invariant, so CR is the quotient map by this 
involution. ■ 

Type [4] x 4 [4] strata. Consider an I- weighted stable curve X of type [4] x 4 [4] 
having weights ri,...,Ti € X with J^r,; = 0, and let S be the corresponding 
X- weighted boundary stratum. We name u\, . . . ,114 the four points on one ir- 
reducible component with weight T\ , . . . , r± and name Vi, ... ,114 the opposite 
points on the other irreducible component. We define the cross-ratios, 

Ru = [ui,U2,U3,U4] and R v = [vi, v%, v 3 , v±]. 

S is isomorphic to .Mo. 4 X .Mo, 4 with R u and R v coordinates on the first and 
second factors. 

Type [4] x 2 [4] strata. Now consider the I- weighted stable curve shown in 
Figure [2] with distinct weights r\ , r 2 , r% £ X, and let S be the corresponding 
X- weighted boundary stratum. We label by pi,p-i,P2,P-2 the points on one 
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irreducible component with weights r%, —r\, r 2 , —r-2 and label by q\,q~i,q%, q-2 
the points on the other irreducible component with weights r%, —r 3l — >"2, r%- The 
stratum S is isomorphic to .Mo, 4 x A^o,4 with coordinates 

R 1 = [q 1 ,q- 1 ,q-2,q2\ and R 3 = [pi,p_i,p_ 2 ,P2]- (8.2) 

The stratum S arises as a degeneration of the irreducible weighted boundary 
stratum with weights r\ , , 7-3 by pinching a curve around the points of weights 
ri, — ri, T2- As this curve is pinched, the cross-ratio ^[1,3] tends to 1. 



r-2 




r-2 



Figure 2: Type [4] x 2 [4] I- weighted stable curve 



Calculation of S{T). We will write Ri for R\jk] where {i,j,k} — {1,2,3} 
and we let (si,S2,S3) be the dual basis to {r\,r2,r 3 ). 

Whether S(T) = S or not will depend on the following notion. Given an 
X-weighted boundary stratum S, we let Span(S) C Q 3 denote the Q-span of 
{Q(r) : r e Weight(S)}, and let codim(Span(<S)) denote the codimension of 
Span(S) in Q 3 . 

Theorem 8.5. The locus S(T) is defined by the following equation. 

• Case [6]: For a boundary stratum of type [6], we use the cross-ratio coor- 
dinates R\, R2, R3 defined in Provosition \8.Sl Then the subvariety S(T) 
of the admissible boundary stratum S^ rir2r3 ) is given by the cross-ratio 
equation 

f[RT=C, (8.3) 

1=1 

where the <2j are the unique ( up to sign ) relatively prime integers such that 
o-i = tbi for some t G F , and 

h = N^( n )(^) , (8.4) 

and where £ is the root of unity ( = e 27rm with 

u=(T,a), (8.5) 

where 

3 

o~ = / ] a,iS i+ i Cg) s i+2 . (8.6) 

4=1 

Here we interpret the extension class T as an element ofSyvn^(F). 
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• Case [4] x 2 [4]: The subvariety S(T) of the admissible boundary stratum 
with weights {fi, v-i, r%, r± = —r%} is given, using the cross-ratio coordi- 
nates defined above, by 

RTRT=C, (8.7) 
where the ai and £ are calculated from {n, T2, r^} as in the preceding case 
[6]. 

• Case [4] x 4 [4]: There are two possibilities. If codim(Span(iS)) = 0, then 
S(T) is the whole stratum. If codim(Span(5)) = 1, then S is a degen- 
eration of an admissible irreducible weighted boundary stratum 5(ri,r 2 ,r 3 ) 
with the property that exponents a* defined above satisfy Y2i=i a * = 0. 
Moreover, S(T) is cut out by the equation 

where £ is as in the case [6] . 
This is a complete list of the cases of boundary strata without separating curves, 
where for some admissible boundary stratum S, we can have S(T) C S. 

We will refer to the equations stated in the above theorem as the cross-ratio 
equations. 

The following lemmas determine the possibilities for codim(Span(<S)). 

Lemma 8.6. Suppose that the Q-span of r\,ri,r% € F\Q is two-dimensional. 
Then Q{r{),Q{r2), and Q(r^) are Q-linearly independent. 

Proof. Embedding F in R 3 by its three real embcddings, the map Q becomes 

Q(x,y,z) = (yz,xz,xy), 

which we regard as a degree two map Q : P 2 (R) — > P 2 (R). Suppose the <3(Vj) are 
Q-lincarly dependent. They then lie on a line L C P 2 (M) cut out by an equation 
a\x + a^y + a%z = with each at £ Q. Each coefficient ai of this equation must 
be nonzero, for if (say) 03 were zero, then no irrational s € F could lie on L, 
since the equation a\s^ + a2S^ = implies seQ. 

The inverse image f~ l {L) is a nonsingular conic, so it intersects any line in 
at most two points. Thus if the j"j were Q-linearly dependent, they could not 
map to L. M 

Lemma 8.7. If the stratum S is irreducible or if it is of type [4] X 2 [4], then 
codim(Span(6>)) = 1. If it is of type [4] x 4 [4], then either codim(Span(<S)) = 
or codim(Span(5)) = 1. In all of the remaining cases, codim(Span(5)) = 0. 

Proof. Since the set of weights contains a Q-basis of F, codim(Span(«S)) is at 
most 1. The preceding Lemma 18.61 implies that codim(Span(5)) = whenever 
the curves S contains a component isomorphic to a thrice-punctured P 1 . The 
only remaining cases are the irreducible stratum and strata of type [4] x 2 [4]. 
In either case there are only three distinct weights. We only need to remark 
that three vectors cannot span R 3 and contain in its convex hull at the same 
time. ■ 
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We will show in Example 2 of Appendix [5] that this is a complete list of 
constraints. 

Lemma 8.8. Suppose that {Pi}f = i are k points in R™, k > n + 2, whose R + - 
span is all of R ra and such that no n of the Pi are contained in a subspace of 
dimension n — 1. Then there are n + 1 points among the Pi, whose WL + -span 
also is all o/R". 

Proof. Given k > n + 2 points Pi in R™ whose convex hull contains zero, we 
must show that there are k — 1 among them whose convex hull still contains 
zero. The hypothesis on the span of subsets of n + 1 elements will then imply 
that these vectors span R n , and the claim follows from induction on k. 

Consider the linear map / that assigns to x <G R fc the sum f(x) = X),=i x iPi- 
The hypothesis implies that K = Ker(/) contains w = (u>i, . . . ,Wk) with 
J2i=i w i = 1 an d w % > 0. Since dim(AT) > 2 there is also ^ y £ K with 
5^ Hi — 0. The afhne space w + Xy has to intersect the coordinate hyperplancs 
at some point different from zero. This point yields a convex combination of 
zero with at most k — 1 summands. ■ 



Proof of Theorem 18.51 We start with case [6]. Recall that S(T) C S is the 
subvariety cut out by the equations 

$(o) = e - 2m{T < a \ (8.9) 

as a ranges in N(S) H Ann(A 1 ) n S^(X V ). By Lemma [8.7[ this is a rank-one 
Z-module, so by Proposition [OJ it is generated by J2i=i a i s i+i ® s i+2 for some 
relatively prime integers a*, and the equation (|8.9p is simply (|8.3p with £ as 
in (|8.5[) . To find the a^, we will find some rationals bi with Y] bjSj+i ® s^ + 2 G 
Ann(Ai), and the a$ will be a primitive integral multiple. 
If bi € Q, then ^ fo;Si + i ® s^ + 2 G Ann(A 1 ) if and only if 

for all x € _F, thus if and only if ^2 &iSi+iSj+2 = 0. 

If we let bi = N(ri)— and take Ci satisfying J2 c i/ r i = then we have 

3 

^ A(r t ) 

From Lemma 18.91 below, we deduce that at (r ) * s proportional to the 
6,; as in the statement. Thus the exponents in the cross-ratio equation are 
proportional to the bi as claimed. 

We next treat the case of a stratum S of type [4] x 4 [4] . As explained above 
along with the cross-ratio coordinates, this case is a degeneration of a boundary 
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stratum of type [6]. Since Span(S) here is the same as for S( ri ,r2,r 3 ) we obtain 
the same equation, only the cross-ratio i? 2 is equal to one identically. 

It remains to treat the case of a boundary stratum S of type [4] x 4 [4] in the 
case dim(Span(5)) = 2. Lemma [8.81 implies that S is a degeneration of some 
admissible stratum of type [6], say 5( ri)r2 r , 3 ) given a suitable numbering of the 
weights. 

Next we show that a, = 0. Admissibility implies that (|8 . 1 0(1 below holds 
for some c 2 ; G Q. The hypothesis on the dimension of the span implies the 
equation (|8.10p and 

1 _ £1 £2 

n + r 2 + r 3 n r 2 

for some ei,e2 € Q. We may moreover rescale such that n = 1 and solve the 
system for cubic equations killing r 2 and r 3 respectively. These equations must 
be the minimal polynomials of r 2 and 7-3. We obtain 

^> 2 ) = -— and <(r 3 ) = 

v ciei v c 2 ciei - cfe 2 

Using the Corollary 18.101 to the calculations in case [6] below, we only need to 
check that c i/^q ( r i) = 0, which is obvious. 

We may normalize the degeneration from the boundary stratum 5^ r2 r3 ) 
to S as follows. Let pi = 0, p 2 = lj P3 = 00 and let the all converge to the 
same point fi, that is, p-i = [x+ Xit with t — > 0. Then 

R - 1 R _ A l - A 3 



fJ> A 2 - A 3 

and in the limit as t — > 

^ 2 = ^^^, i? 3 /i? 2 = (l-/,)^ i . 

/i A 2 — A3 Ai — A 2 

Thus the cross-ratio equation 

{R1/R2T 1 ■ (R 3 /R2) a3 = C 

for 5( riiT . 2ir . 3 ) becomes 
as we claimed. 

The last statement in an immediate consequence of Lemma 18.71 I 
We give here the lemma needed above and as corollary a second version of 

calculating the exponents of the cross-ratio equation. Using the no-half-space 

condition, there are rational coefficients Cj such that 

^ + ^ + ^=0. (8.10) 

ri r 2 r 3 
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Lemma 8.9. If the ri and Cj are as in (|8.10[) . then the triple (ci, 02,03) is 
proportional to (iV(ri)si/rj)f_ 1 . 

Proof. Note that the triple {N(ri)si/ri)f =1 is (up to a factor rx/s{) integral by 
rationality. It thus suffices to check that 

i— 1 7 

We have 

3 / \ 3 (i) (1) 

i=i v r * / Sl i=i r l s i 

3 s (2) r (2) 

= X! r i 2) r » (3) iiy 12) ( by rationalit y) 

j=i r ; s i 

= CE^M 3) (8.11) 

s l i=l 

Consider the 3 by 3 matrices R = (?{ ) and 5 = (s^). Since the bases (r^) 
and (sj) are dual, we have RS* = I. Thus S t R = I as well, and (|8.1ip is 0. ■ 

Corollary 8.10. TTie exponents a.j appearing in the cross-ratio equation (|8.3[) 
are i/ie unique (up to sign) relatively prime integers with otj = to^ /or some f £ F 
and 

65 = c?/iV|( n ). 

Period coordinates. In preparation for the proof of Theorem 18.11 we now 
define local coordinates around certain Lagrangian boundary strata S C Ais(L) 
in terms of exponentials of entries of period matrices. 

Let iS C Ais,{L) be a Lagrangian boundary stratum obtained by pinching 
curves 71 , . . . , j m on £3 . We say that such a boundary stratum is nice if the 
complement of any two of the 7$ is connected. There are five topological types of 
nice boundary strata in M.^{L), representing stable curves of type (1, 1), (2, 1), 
(2,2), (3,1) and (4,2). 

Let Oi E L C Hi(T,3\Z) denote the homology class of % after choosing an 
orientation. 

Lemma 8.11. If S C Ais(L) is nice boundary stratum, then there are elements 
o"i, . . . , o~ n € Hom(L, Z) such that 

(<7j,a<j <E> olj) = <5y. (8-12) 

Proof. We represent a curve in S by a directed graph G with the edges weighted 
by elements of L. A closed circuit c in G determines a functional (3 C E Hom(L, Z) 
defined as follows. If e is an edge with weight 7, then /3 C (7) = where n is the 
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number of times c crosses e in the forward direction minus the number of times 
c crosses e in the reverse direction. 

Each of the graphs in Figure [T] representing nice boundary strata has the 
property that for each edge e there are two circuits c and d which pass through 
e once and have no other edge in common. For each edge /, write p(f) = w®w, 
where w is the weight of /. Then the functional f3 c <8> (3d maps p(e) to 1 and 
/?(/) for any other edge / to 0. ■ 

Choose <ti , . . . , <7 m € S(Hom(L,Z)) as in the lemma, and choose a basis 
Ti, . . . ,t„ of the annihilator N(S) C S(Hom(L, Z)) of {a, (g) OLi\™^ x . 

Let {/ C A^a(£) be the open subset consisting of A^X), 5, and any in- 
termediate boundary stratum obtained by pinching some subset of the curves 
{7i}. We consider the map S : U C m x (C*) Tl defined by 

S=(*( < 7i),... ) *(a m ),*(ri),... ) *(T B )) ) 

sending 5 to (0, . . . , 0) x (C*)". 

Any automorphism T of L induces an automorphism 4>t oiM. g (L) defined by 
replacing the marking p of the marked surface (X, p) with poT. Let i: L — *• L be 
the negation homomorphism </>(a) = —a. We define .M„(X) to be the quotient 
of A4 g (L) by the involution <fi L . 

Each of the meromorphic functions ^(a) on M g (L) is constant on orbits of 
<fi t and so defines a meromorphic function \&'(a) on M. g {L). If 5 is fixed by t , 
then so is U, and the map S then factors through to a map S' : U' — > C ,n x (C*) n , 
where [/' = C//0,,. 

Lemma 8.12. Consider a nice boundary stratumS C .M3(X). 7/5 is not fixed 
by tt l , then for any basis (n, . . . , r n ) o/ N(S), the functions ^(n), . . . , ^(tyj) 
/orm a system of local coordinates on S. If S is fixed by <fii> then for any basis 
(ti, . . . ,T n ) o/ N(S), the functions ^ (ri), . . . , \& (r n ) /orm a system of local 
coordinates on S/(fi L . 

Proof. It is enough to produce a single basis of N(S) which yields a system of 
local coordinates, since the coordinate systems defined by any two bases are 
related by an automorphism of the algebraic torus (C*) n . 

Any type [6] stratum S is fixed by </>,,. Corollarv IS . 41 implies that the functions 
&'(si (g> Sj) for i j identify S/(fi b with an open subset of (C*) 3 (the involution 
<fi u was called i in that Corollary), and so they give a system of local coordinates 
on S/(fi L . 

Any type [4] x 4 [4] stratum is also fixed by <fi L . We use the notation for theses 
strata from p. 201 Under the identification of S with .Mo, 4 x A^o,4 the map cfi L 
is just the involution exchanging the two factors. 

Let {si, . . . , S3} be a basis of F dual to {n, . . . , r^}. Let n = (S2 — si) <8 S3 
and r 2 = (S3 — Si) (8) s 2 . From the definition of \I r , 

*'(n)=iZ u i2 and *'(r 2 ) = (1-^(1-^), 
a system of local coordinates on .Mo, 4 x M.q,a/^l- 



46 



The remaining cases are strata not fixed by <j> L . We leave these simpler cases 
to the reader. ■ 



Proposition 8.13. Consider a nice L-weighted boundary stratum S in M.^{L). 
If S is not fixed by <j> L} then the map 3 is locally biholomorphic on a neighborhood 
of S . Otherwise 3' is locally biholomorphic on a neighborhood of S/<j) L . In either 
case, the map 3 is open. 

Proof. Suppose S is not fixed by the involution. Centered at an arbitrary point 
of 5, we choose plumbing coordinates ti, . . . , t m , Si, . . . , s n , as in so that 
each divisor Di where 7$ has been pinched is cut out by ti — 0. We must show 
that the Jacobian of 3 at (0, 0) is nonzero. The functions \&(<7j) vanish to order 
one on Di and zero on Dj for j ^= i. We then have ^^2ii(0,0) = if i =/= j, 

^§^(0,0) = for all i and j, and ^±1(0,0) ^ for all i. Thus, to show 
that the Jacobian of 3 at (0,0) is nonzero, it suffices to show that the matrix 
(^|^(0,0)) is invertible. In other words, we must show that the functions 
^(sj) locally define a system of local coordinates on S. This is the content of 
Lemma 18.121 

The case where S is fixed is nearly identical. Note that since the quotient 
mapping Ai^{L) — ► A4 3 (L) is unbranched along the boundary divisors, the order 
of vanishing of any ^'(a) along Di is also given by the formula of Theorem 14. 11 

The last statement follows, since any quotient map - in particular, the canon- 
ical map M.j,(L) — > A4' 3 (L) - is open. ■ 



Closures of algebraic tori. The period coordinates above reduce the prob- 
lem of computing the boundary of the eigenform locus to computing the closures 
of algebraic tori T C (C*)" C C™, which we now consider. 

Consider the algebraic torus T = (C*) k x (C*) e C C fc x (C*) £ . We identify the 
character group x(T) with Z fe ©Z £ by assigning to (a, b) = (a±, . . . , afe, 61, . . . , be) 
the character Xr a ^ : T — * C* defined by 

X (aib) (z,w) = zf 1 ---zl k w b 1 l ---w b / 

Given a subgroup L of x(T) with x(T)/L torsion-free and a homomorphism 
4>: L — > C*, we define Ta,^ to be the subvariety of T cut out by the monomial 
equations 

\a,b)(z,w) = (j>{a,b) (8.13) 

for each (a, b) € L, a translate of a subtorus of T. 
Let A = {0} x (C*) e . We define 

C = {{a,b) e x(T) : a t > for 1 < i < k}, and 
N = {0}®Z e C x(T). 

Let Al,0 be the subvariety of A cut out by the monomial equations (|8 . 13[) for 
(a, 6) G L n N. 
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Theorem 8.14. The closure H A is nonempty if and only if Lfl C C N, 
in which case we have Tj,^ nA = ^l,4>- 

Proof. Suppose (a, b) is a nonzero element of (L fl C) \ 2V. The equation (|8 . 1 3[) 
is then satisfied on Tl^, but A( m(z, w) = on A, so A and Tl,0 must be 
disjoint. 

Conversely, suppose L C C N. Then the orthogonal projection p(L) of L 
onto the Z fc factor of x(T) satisfies n C = 0. Theorem 15.7 of |Rom92j 
states that given a subspace V of W 1 with V C] {x G K™ : X{ > for all i} = 0, 
there is a vector y £ V with each coordinate positive. Thus we may find an 
integral c e C Z fc with positive coordinates. 

Note that the curve parameterized by 

f(w) = (d!W Cl ,. . .,d k w Ck ,ei, ...,e e ) 

lies in Tl^ if and only if for each (a, b) € L, the equation 

d^ 1 ...d^el 1 ...e b / = <j>(a,b) (8.14) 

is satisfied, in which case (0, . . . , 0, ei, . . . , eg) £ H A. 

Choose some (0, e) £ Aj,^, and let (a^, £>,;) = (a.,1, . . . .ajfe, £>ii, . . . , bu) for 
1 < i < dim(L) be a basis of L with a^- = for i < dim(L n N). We must find 
gx, . . . , gf. satisfying the equations 

angi H \-Oik9k + ^ilogei H Ybu loge^ = log 0(a 4 , 6 4 ). (8.15) 

The first dim(L n N) equations don't involve the gi and are satisfied automat- 
ically because (0, e) £ Aa.</> as long as the values of log were chosen correctly. 
The vectors adim(LnJV)+i7 ■ ■ ■ > a dim(i) are linearly independent, so the matrix 
(aij) (with dim(L n N) < i < dim(L) and 1 < j < k) has maximal rank. Thus 
we can solve (|8.15[) for the g,. Setting di = e 9i , (|8. 14)) is satisfied. ■ 



Proof of Theorem 18.11 It suffices to show that for any cusp packet (X, T) 
and admissible I- weighted boundary stratum S C A4s(X) the variety S(T) lies 
in the closure of KMo(2, T). 

For nice boundary strata, the map S of Proposition l8.13l reduces the compu- 
tation of the closure of IZMo to the computation of the closure of an algebraic 
torus in C n (since under an open mapping, the inverse image of the closure 
of a set is equal to the closure of the inverse image), which is done in Theo- 
rem [HHH It is easily checked that the condition of this theorem is equivalent 
to the admissibility condition. This handles admissible boundary strata of type 
(1, 1), (2, 1), (2, 2), (3, 1), and (4, 2) in Figureffl 

Admissible boundary strata which are in the boundary of a nice admissible 
boundary stratum S with codim(5) = are then automatically in the closure of 
7*LMe>(Z, T). It follows from Lemma HT51 that any admissible boundary stratum 
S with codfm(5) = is in the boundary of such a nice admissible stratum, since 
some collection of nodes can be unpinched to obtain a stratum of type [4] x 4 [4] or 
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[5] x 3 [3] where the cone condition still holds. This handles admissible boundary 
strata of type (3, 2), (3, 3), (4, 1), and (4, 3). 

It remains to consider admissible boundary strata of type (2, 3), (2, 4), (3, 4), 
(3, 5), (4, 4), and (4, 5). Any such boundary stratum in the closure of a unique 
irreducible Lagrangian boundary stratum S. The weights of S define the equa- 
tion 

V(<x)=u, (8.16) 

with u and o as in (|8.5[) and (|8.6p . Let V C M.s(l) be the subvariety cut out by 
this equation. For any stratum S' C S, we have S'(T) = S' C\V by the definition 
of S'{T), so we must show for any such S' that S' n V C M (I,T). Since 
we have already handled irreducible boundary strata, we know that V D S = 
KMo{Z,T)nS. It follows th at F7T S C KMpjl, T). If SnV were irreducible, 
it would follow that S n V — S n V, and we would be done. 

We sec the irrcducibility of SnV as follows. Since V is codimension-one and 
S n V is irreducible, as is easily seen from the form of the cross-ratio equation 
(|8.3p . SnV could only fail to be irreducible if a two-dimensional stratum in the 
boundary of S were contained in V. Such a stratum must be of type (2, 3) (that 
is, [4] x 2 [4]) or (2,4) in Figure Q] The restriction of the equation (j8. 16[) to a 
type [4] x 2 [4] stratum is the cross-ratio equation (|8.7|) which is not satisfied on 
an entire stratum. Similarly, a type (2,4) stratum is isomorphic to .Mo. 5, and 
the equation (|8 . 1 6[) reduces to the equation R = u, where R is a cross-ratio of 
four marked points and u is a root of unity. This equation is not satisfied on 
the entire stratum. ■ 



9 Existence of an admissible basis 

In this section we construct, for any totally real cubic number field F with ring 
of integers Of, an O^-ideal with an admissible basis. This will be used in the 
next section to show GL^ (R)-noninvariancc of eigenform loci. 

Lemma 9.1. For any cubic number field F, there is some fractional OF-ideal 
1 with basis {l,a,a 2 }. 

Proof. Given a e F \ Q, let J a C F be the lattice (1, a, a 2 }. If aX 3 + bX 2 + 
cX + d G 7h\X\ is the minimal polynomial of a, one checks that 

R = (1, aa, aa 2 + ba) satisfies R ■ X a C T a . 

We must arrange that R = Of- Let {1, /i, v} be a basis of Of- Associated 
to this basis is the index form, an integral binary cubic form which is defined 
by 

Fix, y) 2 = disc(xf — y\x)j disc(F) 

for x,y € Q (see |CohOQ[ Proposition 8.2.1]), where disc(a) is the discriminant 
of the lattice T a . If we choose a to be a root of F(x, 1), then R = Of by [CohOOl 
Proposition 8.2.3]. ■ 
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Proposition 9.2. Given a totally real cubic field F , there is an Op-ideal X 
with an admissible basis. 

Proof. Let I be a fractional ideal with basis {I, a, a 2 } which is provided by 
Lemma I^TTI The basis given by r± = a, r 2 = (1 — a), and r 3 = a(a — 1) satisfies 
the equation 

N${ ri ) n + NF(r 2 ) r 2 + N^(r 3 ) r 3 [ ' ' 

so 

dimSp a n{N^(n)/ ri ,N^(r 2 )/r 2 ,N^(r 3 )/r 3 } = 2. 

The no-half-spacc condition is then equivalent to the coefficients of (|9.1I) 
having the same sign, that is Nq(a) < 0, and Nq (1 — a) < 0. We are free to 
replace a with a' = a — k for any k £ Z, since the basis { 1 , a' , a' 2 } spans the 
same lattice. Thus the problem is reduced to finding k S Z such that TVq (a + fc) 
and Nq(a + k + 1) have opposite signs. 

Define P(jfc) = 7V^(a + fc). Then P(jfc) = -P(fc), where P is the monic 
minimal polynomial of a. We claim that there are consecutive integers at which 
P has opposite signs. In fact, this holds for any polynomial P of odd degree with 
no integral roots, for if P had the same sign at any two consecutive integers, 
then it must have the same sign at all integers. This is impossible, as the sign 
of P(x) as x — > oo is the opposite of P(x) as x — ► — oo. ■ 

Example 9.3. Consider the field F = Q[x]/ (x 3 — x 2 — lOx + 8) of discriminant 
D = 961. Its ring of integers Of = (l,x, (x 2 + x)/2) is not monogenetic, i.e. 
does not have a basis of the form {1, 8, 8 2 } for any 9 in P. The class number of 
Of is one, so the above algorithm provides a basis of this form spanning some 
fractional ideal similar to Of. 

One calculates the index form to be F(X, 1) = 2X 3 - X 2 - 5X + 2, thus if 9 
is a root of this polynomial, then O f = (1, 29, 28 2 - 9) and 1 = (1, 9, B 2 ). Here 
N(a) = — 1 and Nq (1 — a) = — 1, so the last step of the proof is unnecessary. 

Corollary 9.4. For any field F the closure of the eigenform locus £q f intersects 
a boundary stratum of type [6], that is, a stratum of trinodal curves. 

We do not know if the class of the ideal class of X given by Lemma l9~Tl always 
is the class of Of- Nor do we know if there is always an admissible basis oi Of- 
Computer experiments using the algorithm described in Appendix [Al suggest an 
affirmative answer. This algorithm also produces examples of ideal classes with 
no such bases. 

10 Teichmiiller curves and the GL^(M) action 

In preparation for the next sections, we recall the well-known action of GL^R) 
on CIMg and the basic properties of Teichmiiller curves in M g . 
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Translation surfaces. A Riemann surface X equipped with a nonzero holo- 
morphic one-form oj is otherwise known as a translation surface. The form to 
defines a metric \ui\ on X \ Z(u>), where Z(u>) is the set of zeros of u, assigning 
to a vector v the length The metric \lu\ has cone singularities at the zeros 

of u. 

The form ui defines an atlas of charts {<f> a : U a — > C} covering X\Z(u>), where 
4> a (z) — J p lo for some choice of basepoint p € U a . The transition functions of 

this atlas are translations of C, and the form oj is recovered by to\u a = 0a 1 (^)- 
Any translation-invariant geometric structure on C can then be pulled back 
to X via this atlas. In particular, for any slope 9 G RU {00} there is a foliation 
To of X by geodesies of slope 6. 

GL^"(K) action. We can now regard QA4 g as the moduli space of genus g 
translation surfaces. GL,^ (R) acts on flA4 g as follows. We identify C with R 2 
in the usual way so that a matrix A € GL^ (R) determines a R-linear automor- 
phism of C. Replacing the atlas of charts {<fi a : U a — ► C} defined above with 
{A o <fi a : U a — » C} yields a new atlas with transition functions also translations 
of C. Pulling back the complex structure of C and the one- form dz via this atlas 
defines a new translation surface A ■ (X,u>). 

Strata. Given a partition m, ■ ■ ■ ,n r of 2g — 2, there is the stratum 

SlM g (ni, . . . , n r ) C HMg 

of forms with exactly r zeros of orders given by the rij. This stratification is 
preserved by the GL2(R)-action. 

Veech surfaces and Teichmiiller curves. We define the affine automor- 
phism group of a translation surface (X, 00) to be the group Aff + (A, uo) of 
orientation preserving, locally affine homcomorphisms of (X, to). There is a 
homcomorphism 

D: AS + {X,uj) -> SL 2 (R), 

sending a map A to its derivative DA in a local translation chart. We define 
SL(X,u) = D(AS + (X,uj)) C SL 2 (R). The group SL(X,u) is known as the 
Veech group of {X, uS). 

The surface (X, u>) is said to be Veech if SL(X,u>) is a lattice in SL2(R). 
The group SL(X, w) coincides with the stabilizer of (X, 00) under the GL^R)- 
action. Thus [X, oj) is Veech if and only if GL^(R) ■ (X,u>) C QA4 g descends 
to an immersed finite volume Riemann surface (orbifold) in M. g - An immersed 
finite volume Riemann surface arising in this way is called a Teichmiiller curve 
and is necessarily isometrically immersed with respect to the Teichmiiller metric. 

A Teichmiiller curve can also be regarded as an embedded smooth curve in 

vnM g . 
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Periodicity. A saddle connection on a translation surface (X, uS) is an em- 
bedded geodesic segment connecting two zeros of u. 

The foliation J-g of slope 9 is said to be periodic if every leaf of J-g is cither 
closed (i.e. a circle) or a saddle connection. In this case, we call 9 a periodic 
direction. A periodic direction 9 yields a decomposition of (X,lu) into finitely 
many maximal cylinders foliated by closed geodesies of slope 9. The complement 
of these cylinders is a finite collection of saddle connections. 

Veech proved the following strong periodicity property of Veech surfaces. 

Theorem 10.1 ( |Vee89j ). Suppose (A, lj) is a Veech surface with either a closed 
geodesic or a saddle connection of slope 9. Then the foliation Tg is periodic. 

Given a Veech surface (X, uS) generating a Teichmiiller curve C C F£lA4 g , 
there is a natural bijection between the cusps of C and the periodic directions 
on (A, id), up to the action of SL(X,cu). The cusp associated to a periodic 
direction 9 is the limit of the geodesic A t R ■ (X,u>), where R C S02(K) is a 
rotation which makes 9 horizontal, and 



each cylinder of slope 9 along a closed geodesic and gluing a half-infinite cylinder 
to each resulting boundary component (see |Mas75| ). These infinite cylinders 
are the poles of the resulting stable form, and the two poles resulting from a 
single infinite cylinder are glued to form a node. 

A periodic direction 9 of a Veech surface (A, lo) generating a Teichmiiller 
curve C is irreducible if the complement of the cylinders of J-g is a connected 
union of saddle connections. Equivalcntly, a periodic direction is irreducible if 
the stable curve at the limit of the corresponding cusp of C is irreducible. An 
irreducible periodic direction always has g cylinders, where g is the genus of A. 

Lemma 10.2. Every Veech surface (X,u>) having at most two zeros has an 
irreducible periodic direction. 

Proof. If (A, w) has only a single zero, then every periodic direction is irre- 
ducible. 

If (A, cu) has two zeros, take a saddle connection / joining them. Such a 
saddle connection can be obtained by straightening any path joining the two 
zeros to a geodesic path. The direction determined by / is periodic by Theo- 
rem [TOTTl and this direction is irreducible as the graph of saddle connections is 
connected. ■ 

Algebraic primitivity. The trace field of a Veech surface (A, u) is the field 
Q(TrA : A G SL(A,w)). The trace field of (A,w) is a number field which is 
totally real (see |M5106bj or |HL06p whose degree is at most the genus of A 
(see |McM03j ) . A Veech surface (X, uj) is said to be algebraically primitive if 
the degree of its trace field is equal to the genus of A. 




The stable form in FQA4 g which is the limit of this cusp is obtained by cutting 
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Our finiteness theorem for algebraically primitive Teichmiiller curves will 
require the following facts. 

Theorem 10.3 ; MollKil). Mol06aQ . Suppose (X, lj) is an algebraically primi- 
tive Veech surface. We then have 

• GL^(R) ■ (X, lj) lies in the locus of eigenforms for real multiplication by 
the trace field of {X, u>). 

• For any two distinct zeros p and q of lj the divisor p — q, regarded as a 
point in Jslc(X), is torsion. 

The following lemma shows that the heights of cylinders in an irreducible 
periodic direction of an algebraically primitive Veech surface can be recovered 
from knowledge of their widths. 

Lemma 10.4. Suppose {X, lo) G QM. g is an eigenform for real multiplication 
by a totally real field F of degree g, and suppose the horizontal direction of (X, lj) 
is periodic and irreducible. Then the vector (rj)|_ 1 of widths of the g horizontal 
cylinders is a real multiple of a basis of F over Q, and the corresponding vector 
( s i)i=i of heights of these cylinders is a real multiple of the dual basis of F over 
Q with respect to the trace pairing. 

Proof. Let M C Hi(X; Q) be the (/-dimensional subspace generated by the core 
curves of cylinders, and let N = Hi(X;Q)/M. Real multiplication gives both 
M and N the structure of one-dimensional F-vector spaces, so we may choose 
isomorphisms of F- vector spaces <f>: M — ► F and ip: N — ► F. Since lj is an 
eigenform, there are constants c,d6l and an embedding t : F — * R such that 



for all a G M and j3 e N . 

The intersection pairing between M and N yields a perfect pairing ( , ) : Fx 
F — ► Q which is compatible with the action of F in the sense that (Xx, y) = 
(x,\y) for all A G F. A second such pairing is given by [x, y) = Tr(xy). Since 
the space of all such perfect pairings is a one-dimensional F-vector space, there 
is a A <S F such that 



for all x,y G F. 

Let a.i G M be the class of a core curve of the ith horizontal cylinder Cj, let 
r.i = <f>(ai), and let Sj be the dual basis of F to the r». Choose /3, G H\{X\ Q) 
such that Pi = 2p~ 1 (Xsi) (mod M). By (|10.2[) . the Pi are dual to the ccj with 
respect to the intersection pairing. It follows that /3» crosses C7j once and no 
other cylinder, so the height of C, is Im f„ lj. By (jlO.ip . we have 




and 




(10.1) 



(x, Xy) = Tr(xy) 



(10.2) 




and 
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11 GL^(M) non- invar iance 

In this section we show that the GL^(R) action on QA4 g admits a continuous 
extension to the Deligne-Mumford compactification. Wc deduce from this and 
the previous sections that the eigenform locus for real multiplication by the 
ring of integers in any totally real cubic field is not invariant under the action of 
GL+(R). McMullen proved non-invariance in |McM03j for the maximal order in 
Q(cos(27r/7)) using the existence of a curve with a special automorphism group. 

GL+(R)-action on Q,Mg. The definition of the GL^~(R) action on Abelian 
differentials works just as well for stable Abelian differentials (X, oj), regarding u 
as a holomorphic one- form on the punctured Riemann surface X. The opposite- 
residue condition is preserved by linearity of the GL;j~ (R)-action on I 2 : A ■ 
(— v) = —A ■ v. Thus we obtain an action of GL^(R) on QA4 g and f2T(E s ). 

Proposition 11.1. The action o/GL^(R) on QA4 g is continuous. 

Proof. We show that the action of GL^(R) on f2T(E ff ) is continuous. As the 
GL^~(R)-action on QT commutes with the action by the mapping class group, 
this action then descends to a continuous action on £lA4 g . 

We claim that under the action of GL^(R) on f2T(E s ) the hyperbolic lengths 
of simple closed curves vary continuously. Since the topology of T(E 5 ) is the 
smallest topology such that hyperbolic lengths of simple closed curves are con- 
tinuous functions i 1 : T(Y lg ) — > R+ U {oo}, it follows that under this action, the 
underlying Riemann surfaces are varying continuously. 

That the length of a simple closed curve 7 varies continuously follows easily 
from considering the annular covering of X corresponding to (7) C Tti(X). The 
modulus of this annulus varies continuously under quasiconformal deformation, 
and the length of 7 is determined by this modulus (see for example [DH931 
Proposition 7.2]). 

Consider a form ([/: E g — > X],ui) £ f2T(E s ). Say the collapse / pinches a 
set of curves S on S ff . We may choose a set of curves ai, . . . , ct g on E ff that 
generate a Lagrangian subspace of _ffi(E g ,Z) and such that each of the is 
either one of the curves in S or intersects each curve in S trivially. We obtain 
a trivialization of the bundle VlT(Yj g ) over a neighborhood of X sending a form 
77 to (77(01), . . .,ri(ag)) e C 9 . 

Say A ■ (Y, 77) = (Z, Q. From the definition of the GL^"(R) action, we have 

C(a») = A ■ 7/(a 4 ), 

with A £ GL^~(R) acting on C = R 2 in the usual way. Thus 77(0:4) varies continu- 
ously under the GL^(R)-action, and so the action on flT(T, g ) is continuous. ■ 

Four-punctured spheres. Given 7*1, r2 £ C, we let lZ( ri r ^ = A^o,4 be 
the moduli space of pairs (X,lu), where X is the four-punctured sphere P 1 \ 
{pi,P-i,P2,P-2}- and u> is the unique meromorphic one-form with simple poles 
at the pi with residue r±j at p±i. We identify TZ( ri ,r 2 ) with C \ {0, 1} via the 
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cross-ratio R = \pi,p-i,p-2,P2] and write (Xr,u)r) for the form associated to 
the cross-ratio R. 

If ri,r2 € R, then the subgroup P C GL^(R) of matrices fixing the vector 
(1, 0) acts on lZ( ri r2 ), as this is the subgroup of GL^(R) preserving the residues 

n- 

Proposition 11.2. Suppose ?*i,?*2 G R, and n ^ ±r2- We </ien /lave 

• TTie horizontal foliation of each (Xr,ujr) G 72.( ri)T . 2 ) is periodic. Each 
(Xr,wr) /las either two or three cylinders (counting the two half-infinite 
cylinders of width ri as a single cylinder). 

• The form lor has a double zero for the single value of R, 

R=( r -±^I1)\ (11.1) 



• We define Spine( ri r2 \ C TZ^ ri r2 ^ to be the locus of two-cylinder forms. 
Spine ( - ri r \ is the locus of singular leaves of a quadratic differential on 
^(ri,r 2 )- ^P mc (ri,r 2 ) * s homeomorphic to a figure- 9, with the three pronged 
singularity at the unique form (Xr,lor) with a double zero. The one- 
pronged singularity is at R = 1, the point in the boundary of TZ^ ri r ^ 
obtained by pinching the curve separating p±\ from p±2- 

• Spine ri r2 is the locus of points fixed by the action of P on lZ( ri r2 y 

Proof. See [Bail Proposition 7.3] for the first statement, |Bai07[ Proposition 6.10] 
for the second statement, and |Bai[ Proposition 7.4] for the third statement. 

For the final statement, suppose (X, lo) G 7Z( ri .r 2 ) is a three-cylinder surface. 
Then there is a single finite horizontal cylinder C C X with a simple zero of lo 
on the top and bottom boundaries of C . The period J lo along a curve joining 
these two zeros has nonzero imaginary part, so it is not fixed by any matrix in 
P. Thus P does not fix u>. 

If (X, lo) G Spine( ri r2 \, then (X, lo) is obtained by gluing four half-infinite 
cylinders to graph (the spine of (X, lo). There is an affine automorphism of 
(X, lo) with derivative P which is the identity on the spine. Thus (X, lo) is 
stabilized by the action of P. ■ 

GL^(R) non- invar iance. We write £l£ L C VlM. g for the locus of i-eigenforms 
(as opposed to its projectivization E L ). 

Theorem 11.3. LetO be a totally real cubic order and X C SI.M3 an irreducible 
component of Q£q. If X C has nontrivial intersection with a boundary 

stratum of type [6] , then X is not invariant under the action of GL J (R) . 

Proof. Suppose X meets the locus H(ri,ra,r 3 ) of irreducible stable forms with 
poles of residues (±ri, ±r 2 , ±r 3 ), with (ri,r 2 ,r 3 ) an admissible basis of t(F). 
In the boundary of T^-( ri .r 2 ,r 3 ) is a stratum TV of type [4] x 2 [4] parameterizing 



55 



forms with two nodes of residue ±r 2 , one of residue ±ri, and one of residue 
±r 3 . We identify 1Z' with 7^( ri ,r 2 ) X 7^(r 3 ,r 2 ) — -M.0,4 X A4o,4, with cross-ratio 
coordinates R\ on TZ^ ri r2 ^ and -R3 on Tt(r 3 ,r 2 ) as m the previous paragraph. 

By Theorems 18.51 and 18.11 Ifl (7£(n,r 2 ) x ^(r 3 ,r 2 )) contains an irreducible 
component V cut out by the equation 

R% 1 Rg l =t (11.2) 

for some root of unity £. We suppose X is GL^ (R)-invariant, in which case V 
is invariant under P C GL^(R) by Proposition lll.il 

We define : C — > C by V'i( 2; ) = £ 0i > an d «(z) = (/z. Since the spine in 
7£( ri ,r 2 ) i s the locus fixed by the action of P C GL^(R) by Proposition 1 11. 21 if 
V is preserved by this action, we must have 

^Vi(Spine (ri ^ 2) ) C Spine (r3ir2) . 

Moreover, since the ipj and i are local homcomorphisms, for p a one or three- 
pronged singularity of Spine( ri r2 \ , we must have that i/j 3 ~ 1 i^i (p) consists entirely 
of one or three-pronged (respectively) singularities of Spine( r3 r2 N. Since each 
spine has only one singularity of each type, we must have 03 = ±1. By switching 
the roles of r\ and r$, we must also have a\ = ±1. As the one-pronged singularity 
of each spine is located at Rj = 1, we must have £ = 1, or else ■)/ , 3~ 1 *' ! /'i(l) !• 
It remains to consider the case where a.,- = ±1 and £ = 1. Given the location 
of the three- pronged singularities (|11.1[) and the cross-ratio equation (|11.2p , we 
obtain 



ri-r 2 \ I r 3 - r 2 1 



which implies 



i~i + r 2 J \ r 3 + r 2 



n _ ± r3 



1, 



r 2 r 2 

This contradicts the requirement that (r\, r 2 , r 3 ) is a basis of F. ■ 

Corollary 11.4. If Of is the maximal order in a totally real cubic number field 
F, then the eigenform locus Q£q f is not invariant under the action o/GL^(R). 



Proof. If Of is a maximal totally real cubic order, Proposition 19.21 provides an 
admissible basis of some ideal in O. By Theorem 18. 11 the eigenform locus £o F 
then intersects the corresponding irreducible boundary stratum, so £q f is not 
invariant by Theorem 1 11. 31 I 

It should be true also for nonmaximal orders O that no irreducible compo- 
nent of VIEq is GL^(R)-invariant. To achieve this using our approach one needs 
to have information about which symplectic extensions of O-modules arise from 
cusps of a given irreducible component X of £q . This seems like a quite delicate 
number theoretic question. 
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12 Intersecting the eigenform locus with strata 



Given the results of the previous section, one might now ask whether the inter- 
section of the eigenform locus with lower-dimensional strata or the hypcrelliptic 
locus is GL^(R)-invariant. Refined versions of the proof of Theorem II 1 .31 are 
likely to give negative answers to this question as well, provided that the inter- 
section has large enough dimension so that the degeneration techniques can still 
be applied. 

The most basic dimension question is, whether the eigenform locus lies in the 
principal stratum flAi^l, 1,1,1). Motivation for this question is the following 
coarse heuristics. Almost all primitive Tcichmuller curves in genus two are 
obtained by intersecting the eigenform locus with the minimal stratum f2A^2(2). 
In genus three, the minimal stratum flM^(A) has codimension three in the 
principal stratum. Hence if the the eigenform locus £q lies generically in the 
principal stratum, then the expected dimension for its intersection (in PilA^) 
with Pf2.M3(4) is zero - too small for a Teichmuller curve. On the other hand, 
components of £ o that lie generically not in the principal stratum are a potential 
source of Teichmuller curves. We show that such components do not exist. 

Theorem 12.1. For any given order O in a totally real cubic number field each 
component of the eigenform locus Q£o lies generically in the principal stratum. 

The theorem will follow from an intersection property of the real multipli- 
cation locus with small strata. 

Lemma 12.2. Given a weighted admissible boundary stratum S of type [4] x 2 [4] 
there is a weighted admissible boundary stratum S' of type [3] x 2 [3] x 1 [3] x 2 [3] x 1 
which is a degeneration of S. 

Proof. Let ±ri , ±r 2 be the weights in one component of curves parameterized 
by S and let ±r2,±r3 be the weights in the other component. Admissibility 
implies that the Q + -span of Q{ri), Qfa), Q(rs) is a half-plane H in M 3 . In each 
of the two component we can pinch further curves. They necessarily carry the 
weights ±(ri ± r 2 ) resp. ±(r2 ± ^3), the signs depending on the choice of the 
curve. By Lemma [8751 we know that Q(r\ ± r 2 ) does not lie in H . In the Galois 
closure of F we calculate 

Q(n ± r 2 ) = Q(n) + Q(r 2 ) ± (r^f + r°rf). 

Consequently the two choices of the sign lead to Q-iniages on different sides of 
H. To produce S' is thus suffices to pinch some curve that acquires the weight 
T 2 + ?"3 and also to pinch a curve on the other component acquiring the weight 
T\ ± r 2 with the sign chosen such that Q(r 2 + r^) and Q{r\ ± r%) lie on opposite 
sides of H. ■ 

Lemma 12.3. For any given order O in a totally real cubic number field each 
cusp of the eigenform locus £0 has non-empty intersection with a boundary stra- 
tum parameterizing stable curves without separating curves and all whose com- 
ponents are thrice punctured projective lines (i.e. a pants decomposition without 
separating curves). 
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Proof. Since the boundary of the locus of IZMo is obtained by intersecting with 
a divisor of .M3, every boundary stratum is contained in the closure of a two- 
dimensional boundary stratum of TZA4q. Suppose this two-dimensional stratum 
is an admissible weighted boundary stratum S with dim(Span(5)) = 3. Case 
distinction and dimension count shows that S does not contain any separating 
curves. Any degeneration of iS is again admissible. Thus in this case it suffices 
to pinch enough non-separating curves to obtain a pants decomposition. 

The only case of an admissible weighted boundary stratum S that gives a 
two-dimensional component of dlZMo and with the property dim(Span(<S)) = 2 
is the stratum of type [6] . We can degenerate this to a stratum of type [4] x 2 [4] 
without changing admissibility. Now Lemma 112.21 concludes the proof. ■ 

Proof of Theorem 112.11 By Lemma 112.31 there exists a stable form on the 
boundary of each component of £ o with each of the four irreducible components 
a thrice punctured sphere. This form must then have four simple zeros, one in 
each irreducible component. Since the eigenform over a degenerate curve has 
simple zeros, so does the eigenform over a general curve. I 

13 Finiteness for the stratum QA4s(3, 1) 

The aim of this section is to prove the following finiteness result for Teichmullcr 
curves using the cross-ratio equation and the torsion condition of Theorem ll0.3l 
This stratum contains one of the two known algebraically primitive Tcichmiillcr 
curves in genus three, the billiard table T(2, 3, 4) whose unique irreducible cusp 
in HAis is described in Example 113.81 below . 

Theorem 13.1. There are only finitely many algebraically primitive Teich- 
miiller curves in the stratum f2Al3(3, 1). 

This theorem will follow from the following finiteness theorem for cusps. 

Theorem 13.2. There are only finitely many points in Pf2.M3(3, 1) which are 
irreducible cusps of algebraically primitive Teichmuller curves in Pf2Al3(3,l). 

Heights. The proof of Theorem 1 1 3 . 21 will require some facts about heights of 
subvarieties of P"(Q) which we summarize here. Unless stated otherwise, proofs 
can be found in [HSOOj . 

Consider a number field K and a point P = (xq : . . . : x n ) € P n (K). The 
absolute logarithmic Weil height of P is 

h i p ) = 0] lo S II max i\\ x o\\ \\x n \\v}, 

where Mk is the set of places of K, and || • is the normalized absolute value 
at v. The height h(P) is unchanged under passing to an extension of K, so h is 
a well-defined function h: P n (Q) -> [0, oo). 



58 



There is a more general notion of the height of a subvariety V of P n (Q). 
The precise definition is not important for us; see [HS001 p. 446]. We write 
h(V) G [0, oo) for the height of V. 

We will require the following properties of heights: 

• (Northcott's Theorem) A collection of points in P™(Q) with uniformly 
bounded height and degree is finite. 

• The height of a hypersurface V C P"(Q) cut out by a polynomial / is 
equal to the height of the vector of coefficients of /. 

• (Arithmetic Bezout Theorem |Phi9 5]) If X and Y are irreducible projec- 
tive subvarieties of P™(Q) with Zi, . . . , Z n the irreducible components of 
Any, then for some constant C, 

n 

J2H%i) < deg(X)h(Y) +deg(Y)h(X) + Cdeg(A) deg(F). 

i=l 

• The height of a zero-dimensional subvariety of P™(Q) is the sum of the 
heights of its individual points. 

• [HSOOl Theorem B.2.5] Given a degree d rational map (f>: P™ — > P m defined 
over Q with indeterminacy locus Z, we have for any P 6 P"(Q) \ Z 

h{4>{P)) <dh(P)+0(l). (13.1) 

Finally, there is the important theorem of Bombicri-Masscr-Zannier BMZ99] 
on intersections of curves with algebraic subgroups of the torus GJ^. We define 
Hk C to be the union of all algebraic subgroups of dimension at most k. 

Theorem 13.3. Let C C <G^ be a curve defined over Q which is not contained 
in a translate of a subtorus. Then C H 7i n -i is a set of bounded height, and 
C n TL n -2 is finite. 

The Ho case was proved in |Lau84| . An effective version of this theorem was 
proved in Ha b08j . 

Finiteness of cusps. We now begin working towards a weaker version of 
Theorem 113.21 namely that there are up to scale finitely possible triples of 
widths of cylinders of irreducible periodic directions of algebraically primitive 
Vcech surfaces in HM^iS, 1). 

We first introduce some notation which will be used throughout the next two 
paragraphs. Consider the moduli space .Mo, 8 of eight distinct labeled points in 
P . We label these points p,q,xi,X2,X3,yi,y2,H3- Given a point P € A^o.s, 
there is a unique (up to scale) meromorphic one-form ujp with a threefold zero 
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at p, a simple zero at q, and a simple pole at each Xi or j/j. We will usually 
make the normalization that p = and q = oo, and write 



^ P = — . (13.2) 

Ui=i( z ~ x i)( z ~ Vi) 

Under this normalization, .Mo, 8 is naturally identified with an open subset of 
P 5 via P i ► (xi : ... : 2/3). We use this identification to define the Weil height h 
on jMo,8- Wc define 5(3, 1) C A^o.s to be the locus of P such that uip satisfies 
the opposite-residue condition Res Xi wp = — Res^wp for each i. The variety 
5(3, 1) is locally parameterized by the projective 4-tuple consisting of the three 
residues and one relative period, so 5(3, 1) is three-dimensional. 

Wc define the cross-ratio morphisms Qi \ 5(3,1) — > G m and Ri : 5(3,1) — > 
G m by 

Qi = \p,q,yi,Xi] and R4 = [x i+ i, y i+i , y i+2 , x i+2 ], 

with indices taken mod 3. In the standard normalization of (|13.2ll . Qi = yi/xi. 
We define Q,CR: 5(3,1) -► G 3 m by Q = (Qi.Qa.Qs) and CR = (R u R 2 , R 3 ). 
Wc define Res: 5(3,1) -> P 2 by Res(P) = (Res Xi w P )f =1 . Finally, given C = 
(Ci : C2, C3) S G^j, we define 5^(3, 1) C 5(3, 1) to be the locus where Qi = Ci for 
each i. 

Lemma 13.4. Any irreducible stable form (X,u>) E Pf2A / J3(3,l) which is a 
limit of a cusp of an algebraically primitive Teichmiiller curve C C PilA^3(3, 1) 
is equal to ujp for some P <E 5(£ l! £ 2i £ 3 )(3, 1) H CR _1 (T) wzi/i the Q nonidentity 
roots of unity and T C a proper algebraic subgroup. Moreover, Rcs(P) is a 
basis of some totally real cubic number field. 

Proof. By |Mas75] . a limit of an irreducible cusp of C is an irreducible stable 
form with two zeros of order 3 and 1, and 6 poles whose residues (up to sign and 
constant multiple) are the widths of the 3 horizontal cylinders of (X, uS). Since 
a form generating C is an eigenform for real multiplication by Theorem 110.31 
and the residues are widths of cylinders, they are a basis of the trace field by 
Lemma 110.41 

That the Q are roots of unity follows from the torsion condition of Theo- 
rcm ll0.3l By Abel's theorem, there is an n such that for each (Y, 77) £ C we may 
find a degree n meromorphic function Y —> P 1 with a single pole of order n at 
one zero of 77 and a zero of order n at the other zero of rj. Taking a limit of such 
functions (this is justified in |M5108( p. 9]), we obtain a meromorphic function 
/ : X — > P 1 with a single zero at p and a single pole at q. In the normalization 
of (|13.2[) . such a function must be of the form f(z) = z p . Since x% and j/j are 
identified, wc must have x\ = yf , as desired. 

That CR(P) lies on an algebraic subgroup follows directly from Theorems l5.2l 
and [EH ■ 

Lemma 13.5. If the Q are not all cube roots of unity, then 5(f 1: f 2 ,£ 3 )(3, 1) 
is zero-dimensional. Otherwise 5(£ 1> f 2) f 3 )(3, 1) has a single one dimensional 
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component, a line in .Mo, 8- Specifically, if Q = e 27 ™/ 3 for all i, this component 
is the line L cut out by the equation, 

x\ + x 2 + x 3 = 0, 

under the normalization p = and q = oo. 

Proof. Stages) (3, 1) is cut out by the equations j/j = Qxi and 

A = Cf J J( ' - ^X^i ~ CjZj) ~ \ [ ^ 1 ~ x j)((i x i ~ CjXj)- (13.3) 

Suppose that Su u (^£ 3 ) (3, 1) has a positive dimensional component, and sup- 
pose first that (say) d is not a cube root of unity. Then there is a homogeneous 
polynomial P of some degree d < 4 which divides Dk for all fe. Expanding Dk, 
we obtain 

- 4(cl -£)+■•• + Ct+iic*+ia+2Xfc+2«fc - 1). 

with indices taken mod 3. Because each contains x^; with non-zero coefficient, 
each monomial xf appears in P with non-zero coefficient. We have 

P(p,x 2 ,x a )=a 2 xi + a a xi + ... \ D 1 {0,x 2 ,x 3 ) = ^xjCsxliCf - I). 

This is not possible since the on are nonzero and (f ^ 1. 

Now suppose that £, = e 27rt ^ 3 for all i. A simple computation shows that 
P = xi + x-2 + X3 divides each Dk, so L is a component of ^ 2 ^ (3, 1). An 
argument as above shows that the quotients Dk/P have no common factor, so 
L is the only one-dimensional component. 

Finally, suppose the Q are arbitrary cube roots of unity. Replacing some 
of the cube roots of unity e 27 ™/ 3 with their complex conjugates amounts to 
swapping the corresponding Xi and ?/,;. Thus the new S^ ly ^ 2 ^(3,l) is simply 
a rotation of the old one. ■ 

Lemma 13.6. No one- dimensional component of any 5'(^ lj ^ 2j ^ 3 )(3, 1) lies in 
Ci? _1 (T) for T any algebraic subgroup o/G 3 n . 

Proof. By Lemma 113.51 we need only to show that the equation 

R^P4 2 R^=C (13.4) 

is not satisfied identically on the line L cut out by x\ + x 2 + X3 = 0. We may 
assume without loss of generality that a\ 7^ 0. Normalizing so that x\ = l. and 
setting £3 = — 1 — x 2 , the left hand side of (|13.4p becomes a rational function 
R in the single variable x 2 which must be identically equal to £. The factor 
(2x 2 + 1) lies in the denominator of R\ and appears nowhere else in R. Since 
C[x] is a unique factorization domain, it follows that R is not constant. I 
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Proposition 13.7. There is a finite number of projectivized triples of real cubic 
numbers (r\ : r 2 ■ T3) such that for any irreducible periodic direction on any 
(X,u>) G J1A^3(3, 1) generating an algebraically primitive Teichmuller curve, the 
projectivized widths of the horizontal cylinders is one of the triples (ri : r 2 : r-&). 

In particular, there are only a finite number of trace fields F of algebraically 
primitive Teichmuller curves in QM^lS, 1). 

Proof. By Northcott's Theorem, we need only to give a uniform bound for 
the heights of the triples (r\ : r 2 : r^) of widths of cylinders, or equiva- 
lcntly of residues of limiting irreducible stable forms satisfying the conditions of 
Lemma 113.41 

Let Tj(£i, (2, C3) C P 5 be the subvariety cut out by the polynomial Dj of 
P3.3[) . Since = 1 for any root of unity ( and place v, it follows directly from 
the definition of the Weil height that there is a uniform bound on the heights 
of the Tj(£i, £ 2 , C3) i independent of the root of unity. Since ^Vd,^,^) (3, 1) is 
the intersection of the T^d, £ 2 , £3) ano - ^ ne hypersurfaces defined by xt — Qyt 
(which have height 0), it follows from the Arithmetic Bezout theorem that the 
varieties ^ 2 (3, 1) have uniformly bounded height. Thus the zero dimen- 
sional components of the 57^ ^ 2 ,£ 3 )(3, 1) have uniformly bounded height as well. 
By (|13.ip . the heights of these points increases by a bounded factor under the 
rational map Res. Thus the residue triples arising from the zero dimensional 
components of the St£ lt £ 3 £ s ) (3, 1) have uniformly bounded heights. 

By Lemma 113.51 it only remains to bound the heights of the residue triples 
arising from the line L C .Mo, 8 cut out by the equations x\ + xi + 2^3 = 
and Xi — 9yi for each i, where 9 = e 2 ™/ 3 . Suppose a point P S L is a cusp 
of an algebraically primitive Teichmuller curve. By Lemma ll3.4[ Rcs(P) must 
be defined over a cubic number field, and CR(P) must lie in H.2- Let L' C L 
be the set of points satisfying these two conditions. If Rcs(P) lies in P 2 (P) for 
some cubic number field F, then P is defined over F(8). Thus L 1 and CR(i') 
consist of points of degree at most 9. By Lemma [13. 61 CR(L) is not contained 
in a translate of a subtorus of G 3 n . Thus Theorem ll3. 31 applies, and we conclude 
that CR(L)n7i2 is a set of points of bounded height. Therefore CR(L') is finite 
by Northcott's theorem. The map CR is finite on L by Lemma |13.6[ so L' and 
thus Res(P') are finite as well. Thus there are at most finitely many residue 
triples arising from L as desired. I 

Remark. All of the estimates in the preceding propositions, in particular The- 
orem [13]3] and the height estimates are effective. It is thus possible in principle 
to give a complete list of triples [r\, r 2 , r 3 ) that may appear in Proposition 1 1 3 . 7l 
Unfortunately the available bounds are so bad that this is currently not feasible. 

Example 13.8. There is one known example of an algebraically primitive Teich- 
miiller curve in VLM.^{i,l), discovered in [KSOOj . It is the surface (X, lo) ob- 
tained by unfolding the (2,3,4) triangle, shown in Figure 7 of [KS00 . The 
trace field of (A, lo) is the field K = Q[v]/P(v) of discriminant 81, where 
P(v) = v 3 — 3v + 1 has a solution v = 2cos(2-7r/9). The vertical direction 
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is of type [5] x 3 [3] , and the circumferences of the vertical cylinders are 



wi = 2cos(3tt/9) = 1 

w 2 = -2(cos(3tt/9) + cos(87r/9)) = v 2 + v - 1 

w 3 = 2(cos(2tt/9) + cos(3tt/9) + cos(8tt/9) = -v 2 - 3 

w A = 2cos(4tt/9) = v 2 -2. 

One can check that the Wi form an admissible subset of K. 

The horizontal direction is irreducible periodic, with cylinder widths, 

ri = — {2w\ + w 2 + wa + Wi) = —v 2 — v 

r 2 = w\ + w 2 + w 3 = v + 1 

r 3 = -(3wi + 3w 2 + 2w 3 + w 4 ) = -2v 2 -3v + 2. 

In fact, this is the unique irreducible cusp of the Tcichmuller curve spanned by 
(X,u). This cusp lies on the line L of Lemma ri3.5[ as wc will now show. The 
irreducible cusp (Xq,ujq) is of the form 

W ° C i\(z - Xi){z - (iXi) ^\z-Xi z-Qxi) ( 13 - 5 ) 

for some constant C and roots of unity Q = e 2m Pi/ii n To calculate the d, we 
consider a relative period. There is a path joining the two zeros of (X, lo) of 
period X) r i/^i so the integral of loq along a path 7 joining to 00 must be 
J2(a,i + l/3)n, for some integers a^. From (|13.5p . we calculate 

so we must have Q = e 27Tl ^ 3 for each i by the linear independence of the r^. One 
then calculates that up to scale there is a unique triple (xi, x 2 , £3) so that tu 
has the residues Tj, 

x\ = 1, x 2 = 2 — v 2 7 and x$ — v 2 — 3. 

Since the sum of the xi is 0, this cusp lies on the line L. 

Theorem 113.21 now follows directly from Proposition 113.71 and the following 
proposition. 

Proposition 13.9. Given a basis (ri,r 2 ,T3) over Q of a totally real cubic 
number field, there are only finitely cusps of algebraically primitive Teichmiiller 
curves in 51^3(3,1) having residues {r\,r 2 ,rz). 

Proof. Consider the variety C = Res _1 (ri : r 2 : rs) C 5(3, 1) of forms having 
residues ±r,; and two zeros of order 3 and 1. A dimension count shows that 
C is at least one-dimensional. In fact, C is exactly one-dimensional, as C is 
locally parameterized by the single relative period of the forms ujp. Let Co 
be a component of C . We suppose that Co contains infinitely many cusps of 
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algebraically primitive Teichmiiller curves and derive a contradiction. Consider 
the image Q{Cq) C (C*) 3 . We claim that Q(Cq) is a curve. If not, and Q{Cq) = 
(Ci)C2)C3)j then Co is a component of Sr^ ^^y Then Co must be the line L 
of Lemma T13.5I It is easily checked that Res is not constant along L, so this is 
impossible. Now since Co contains infinitely many cusps of Teichmiiller curves, 
Q(Co) must contain infinitely many torsion points of (C*) 3 by Lemma 113.41 
From this it follows that Q(Cq) is a translate of a subtorus of (C*) 3 by a torsion 
point. This is a consequence of the main result of [Lau84j . It can also be seen by 
first applying Theorem 113.31 to show that Q(Cq) lies on a subtorus T C (C*) 3 , 
then applying Theorem 113.31 again to T. We now claim that Q(Cq) is in fact a 
subtorus of (C*) 3 , rather than a translate. To see this, it suffices to show that 
the identity (1, 1, 1) is contained in the closure of Q(Cq). Given a form (X,u>) 
representing a point P G Co, we may choose a saddle connection joining the two 
zeros p and q. Following |EMZ03| . we may collapse this saddle connection (and 
possibly simultaneously a homologous saddle connection) to obtain a path in 
Co such that the zeros p and q collide. Under this deformation, each cross-ratio 
Qi tends to 1, so (1, 1, 1) is in the closure, as desired. It remains to show that 
Q{C) is not a subtorus of (C*) 3 . If this were true, we could find roots of unity 
Q and a projective triple (xi(a) : £2 (a) : £3(0)) depending on a parameter a, 
such that for all a € C the differential 

_/f n n \ p {z )dz 

has a triple zero at z — and a simple zero at z = 00. The vanishing of the 
z 4 -term of p(z) implies. 

and the linear term (divided by X1X2X3) also yields a linear equation. Using the 
normalization x\ = 1 we may solve the two linear equations for X2 and X3. We 
then take the limit of xi and X3 as a — ■> 0, applying l'Hopital's rule twice. If we 
let Q = e 2mqi for some qi € Q, we obtain 

X2IO) = and X3(0j = . (13.6) 

qir-2 - qzrz q 3 r 3 - q 2 r 2 

Taking the derivative of the z 2 -term of p(z) with respect to a at a = and 
making the substitution Q13.6p . we obtain 

(?3^3 - r 1 q 1 )(q 2 r 2 - giri)(tftri + q 2 r 2 + 53^3) = 0. 
The (Q-linear independence of the yields the desired contradiction. ■ 

Finiteness of Teichmiiller curves. Thcorcm ll3.1l follows from Thcorcm ll3.2l 

and the following proposition. 

Proposition 13.10. Suppose that there are at most finitely many irreducible 
cusps in FQMg of algebraically primitive Teichmiiller curves in the stratum 
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PfLM g (m, n) (resp. in a component of the stratum ¥flA4 g (2g — 2)). Then 
there are at most finitely many algebraically primitive Teichmuller curves in 
¥QA4 g (m,n) (resp. in this component of the stratum ¥QA4 g (2g — 2)). 

Proof. Suppose (X, u>) € VLM g (m, n) generates an algebraically primitive Teich- 
miiller curve. Let be an irreducible periodic direction on (X,w), and let I and 
J each be either a saddle connection or periodic direction of slope 9. Since 
lengths of saddle connections or circumferences of cylinders of a given slope 
are unchanged under passing to the corresponding limiting stable form, from 
finitcness of irreducible cusps we obtain a constant C, depending only on the 
stratum, so that 

1 lengthCO 

C length(J) v ; 

for / and J any saddle connections or closed geodesies of the same slope. There 
is an irreducible periodic direction on (X,u>) by Lemma 110.21 Choose one, and 
apply a rotation of u> so that it is horizontal. Let C\,...,C g be the horizontal 
cylinders of (X, lo). There must be some cylinder Ci having one of the two 
zeros in its bottom boundary component and the other zero in the top. Take 
a saddle connection 7 contained in C, and connecting these zeros. Applying 
the action of a matrix (J \ ) G SL2(R), we may take 7 to be vertical, whence 
the vertical direction is irreducible periodic with g cylinders Di,. . . ,D g . By 
Lemma Tl 0.41 after normalizing by the action of a diagonal element of GL^(R), 
we have w(Ci) = ri and h(Ci) = s; (where we write w(C) and h(C) for the 
height and width of the cylinder C) for some basis (r^) of F (with a chosen real 
embedding) and dual basis (.s ( ). By finitcness of cusps, there are only finitely 
many possibilities for the r^, and thus the s^, so we may take them to be fixed. 
Since the saddle connection 7 crosses only one cylinder, its length is bounded 
by a constant depending only on the stratum. This implies that the w(Di) are 
bounded as well by (|13.7p . Therefore the intersection matrix (By ) = (Ci ■ Dj ) 
has bounded entries, and we may take it to be fixed. The widths and heights 
of the Dj are determined by B, as well as the widths and heights of the Ci, so 
we may take them to be fixed as well. Now each intersection of Ci and Dj is 
isometric to a rectangle Rij of width h(Dj) and height h(Ci). Thus the surface 
(X, uS) may be built by gluing the finite collection of rectangles consisting of By- 
copies of Rij for each index (i,j). As there are only finitely many gluing patterns 
for a finite collection of rectangles, there are only finitely many possibilities for 
(X,uj). 

In the case FttA4 g (2g — 2) the same argument works. It is even simplified 
by the fact that every direction is irreducible. ■ 



14 Finiteness conjecture for QAl3(4) hyp 

In this section, we give numerical and theoretical evidence for the following 
conjecture, which together with Proposition 113.101 implies Conjecture 11.41 for 
the case of the stratum f2Al3(4) hyp . 
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Conjecture 14.1. There are only a finite number of possibilities for the pro- 
jectivized triples (ri : ri : r^) of widths of cylinders of algebraically primitive 
Teichmuller curves in ilA^3(4) hyp . 

Everything in this section should hold as well for the other component 
f2A^3(4) odd of £1^3(4), but we stick to the hypcrelliptic component for simplic- 
ity. The hypcrelliptic component contains the other of the two known examples 
of algebraically primitive Teichmuller curves in genus three, Veech's 7-gon. We 
describe the stable form which is the limit of the unique cusp of this curve in Ex- 
amplc [T4.4l bclow. Finally we will give the algorithm for searching any cigenform 
locus for Teichmuller curves in Q,M.^(A) which is used to prove Theorem 11.61 

Finiteness for fixed admissibility coefficients. Recall from (|8 . 1 0[) that if 
S is a weighted admissible boundary stratum of type [6], then the weights r,; 
satisfy $3»=i c i/ r i = f° r some Ci £ Z. We call the triple (ci, 02, 03) of coprime 
integers the admissibility coefficients of the 

Proposition 14.2. For any fixed triple (ci, 02,03) there is only a finite num- 
ber of algebraically primitive Teichmuller curves in f2.M3(4) hyp that possess a 
direction whose cylinders have lengths with admissibility coefficients (01,02,03). 

This has as obvious consequence: 

Corollary 14.3. In £lA4 3 (4) hyp there is only a finite number of algebraically 
primitive Teichmuller curves meeting the infinite collection of weighted boundary 
strata provided by the algorithm in Proposition \9.2l 



The limiting differential in the hyperelliptic case. We want to make 
the cross-ratio coordinates more explicit and therefore normalize the hypcrellip- 
tic involution on the stable curve X^ corresponding to a Tcichmiiller curve in 
ilA^3(4) hyp . Necessarily, is irreducible, and consequently the dcsingulariza- 
tion of Xoo is a P 1 with coordinate z, where we may normalize the hypcrelliptic 
involution to be z 1— > —z and z = is the 4-fold zero. The preimages of the 
nodes are ±a;, for i = 1,2,3, and we will at some points in the sequel use the full 
threefold transitivity of Mobius transformations to normalize moreover x\ = \. 
The differential pulls back on the normalization to 



UJoo — 

i = l 



y ( _Li 'J— ) dz = . CzA dz (14.1) 



for some constant C that can obviously be expressed in the and Xi . Coefficient 
comparison yields the two equations 

3 

^riX l+1 x i+2 = (14-2) 

i=l 

3 

J2nxi(x 2 i+1 +x 2 i+2 ) = 0, (14.3) 



i=i 
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where indices are to be read mod 3. The cross-ratio map CR as defined by 
Equation 18.11 is given by 



CR = (Rt , R 2 , i? 3 ) , where R, 



x 2 

X l+1 + X i+2 
Xi+l - X i+2 



It will be convenient to use that CR factors as a composition of the squaring 
map and the rational map CR : P 2 -> (C*) 3 defined by CR = (R[,r\,R^), 
where 

Ri(xi : x 2 : x 3 ) = . 

Xi+l — Xi+2 

Example 14.4. Veech's 7-gon curve lies in this stratum, and we conjecture it 
is the only one. Let F = Q[v]/(v 3 + v 2 — 2v — 1) be the cubic field of discrim- 
inant D = 49. There is a unique cusp whose cylinder widths are projectively 
equivalent to 

n = 1, r 2 = v 2 + v — 2, r 3 = v — 2, 
with v = 2cos(27r/7). Since 

and N£(n) = l 



for all i, the cross-ratio exponents are all 1. Only one of the three solutions to 
equations (|14.2p and (|14.3|) satisfies the cross-ratio equation Y[ Ri — 1 , namely 

X\ =1, X2 = —V 2 — V + 1, X3 = v 2 + v — 2. 

Note in comparison with Proposition ll4. 71 below that here the Cj, the Nq (r^) 
and also the moduli of the cylinders are all one. That is. all the auxiliary 
parameters are arithmetically as simple as possible. 

Inside the domain of CRo the rationality condition Y2i=i c i/ r i = together 
with the opposite-residue condition defines a curve Y = Y( Cl .c- 2 .c 3 )- We want to 
apply Theorem 1 1 3 .31 to this curve and now check the necessary hypothesis. 

Lemma 14.5. Let X C (C*) n be an irreducible curve whose closure in C" 
contains points P\, . . . , P n where Pi = (j>n, ■ ■ ■ ,Pi n ) and where for all i we have 
Pa = while pij 7^ for i ^ j. Then X is not contained in the translate of an 
n — 1- dimensional algebraic subtorus in C*. 

Proof. Let Zi be coordinates of C" and suppose on the contrary that X is 
contained in such a torus given by the equation Y[ z i' = t for some hi g Z not 
all zero and t s C*. This equation holds on X, thus on its closure. Plugging in 
Pi implies bi = 0. Using all the Pi we obtain the contradiction that all of the bi 
are zero. I 

Corollary 14.6. The curve CHo(Y) does not lie in a translate of an algebraic 
subtorus in (C*) 3 . 
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Proof. Normalizing X\ = 1 and applying the degeneration X2 — > to CRo(Y) 
we obtain the limit point (1,0,1) € C 3 . Permuting coordinates, we obtain a 
limit point where any single coordinate vanishes, so we may apply Lemma ll4.5l 
after verifying irrcducibility. 

A computer algebra system with an algorithm for computing Wcicrstrass 
normal form (e.g. MAPLE) exhibits a birational map from Yt Cl CitC3 > to the 
curve 

Y : y 2 = cjx 6 - ic\x b + 3c? x 4 + (c| - c§ - cf)x 3 + 3cjx 2 - 3cjx + c\. 

A straightforward calculation shows that the right hand side is not a perfect 
square for any (ci, C2, C3). Consequently, Y is irreducible and thus also Y/ CliC2tC3 y 



Proof of Proposition 114.21 The preceding lemma allows us to apply The- 
orem [TXni As a consequence, the height of any point (i?i, R2, R3) £ CRq(Y) 
that lies on an algebraic subtorus is bounded. This applies in particular to the 
torus given by the cross-ratio equation. More precisely, since the degree of Y 
is independent of the Cj we deduce from |Hab08( Theorem 1] that there is a 
constant C\ such that 

h((R 1 ,R 2 ,R 3 )) < dil + hid : c 2 : c 3 )). (14.4) 

Moreover, the Ri lie in a field of degree at most three over F as can be checked 
solving (|14.2p and (|14.3|) . Consequently, by Northcott's theorem, there is only 
a finite number of possible R4 lying on CR(Y) and satisfying the cross-ratio 
equation. ■ 



Unlikely cancellations. We now show that if the finiteness conjecture fails, 
then there has to be a sequence of Teichmuller curves with the admissibility 
coefficients Ci becoming more and more complicated simultaneously for all the 
directions on the generating flat surface, but meanwhile there are miraculously 
enormous cancellations making the cross-ratio exponents much smaller that the 

Ci. 

Proposition 14.7. Suppose Conjecture \14.1\ fails for HAi3(A) hyp . Then there 
exists a sequence of Teichmuller curves {C n }„ e N generated by flat surfaces 
(X n ,uj n ) such that for every periodic direction 9 on the X n 

i) the residues r^ n fi have admissibility coefficients (ci, nj o, C2,n,e> C3,n,e) with 
the height lower bound 

h(ci 0) > n, 

ii) and on the other hand the cross-ratio exponents have upper bound 
\ai\ < C 2 (l + h(ci tUl e, c 2 , n ,e, c 3i „^)) 2 



(»<s 



for some constant C 2 independent of n and 9. 

Note that in ii) the height on the right is logarithmic in the the Cj, whereas 
on the left of the inequality we have the usual absolute value. 

As preparation we examine the image Z c (C*) 3 of fLM3(4) hyp under CR. 

Lemma 14.8. There is no translate of an algebraic subtorus o/(C*) 3 contained 
in Z . 

Proof. It suffices to prove the claim for the image Zq of Z under CRo- The 
variety Zq is cut out by the equation 

R[R 2 + i?ii?3 + R' 2 R' 3 + 1 = 0. (14.5) 

This variety does not contain the image of y 1— ► ia±y ni , a 2 y n2 , a^y" 3 ) for any 
nonzero eti and integers rii, as substituting the ony ni into the left hand side of 
(|14.5p always yields a nonzero Laurent series in y. M 

Proof of Proposition [14771 The existence of a sequence satisfying i) follows 
from Proposition 114.21 That this sequence moreover satisfies ii) follows from a 
close examination of the proof of |Hab08[ Theorem 1]. We fix 9 and n and drop 
these indices. We write c = (ci : c 2 : C3). We follow the notation in loc. cit. 
The idea of Habegger is to use the geometry of numbers to construct a subtorus 
H u of (C*) 3 determined by a triple u = (141,142,143) of integers depending on 
a parameter T such that for a point p = (i?i, R 2 , R3) in the intersection of 
W = CRo (Yc) and a torus of codimension, one the following holds: 

h{ P H u ) < C 3 (T-V 2 (h(p) + 1) + T) and dcg( P H u ) < C A T 

for some constants Ci (Lemma 5 of loc. cit.). An application of the arithmetic 
Bezout theorem yields 

h{p) < C 5 h{pHu) + C 6 deg(H u )h(W) + C 7 deg(H u ) 

where moreover we have a bound dcg(H u ) < CgT. Choosing T large enough, 
controlled by deg(W) and the constants C,; (i.e. independently of h(W)) makes 
the contribution of T~ 1 / 2 h{j>) to the right hand side become inessential and 
proves the height bound 

h{p) < C 9 (l + h(w) < Ci (l + h(c)) 

We need more precisely Lemma 1 and Lemma 3 of loc. cit. which construct 
the 14. Together they show that there exists u with \u\ < T and h(p u ) < 
CwT^l^hip). Together with the previous estimate this yields 

hip u ) <C 12 T-V 2 (1 + h(c)), 

where C\\ and C12 depend only on the dimensions of the varieties in question, 
not on ft.(c). Since p lies in a field of bounded degree over F, choosing T > 
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Cis(l + h(c))) 2 , with C13 independent of h(c), suffices by Northcott's theorem 
to conclude that h(p u ) = 0. 

Wc now have two cases. Either u and the cross-ratio exponents (01,02,03) 
are proportional. In this case, ii) holds by |m| < T and the primitivity of the 
triple {a\, 02, 03). Or they are not proportional, i.e. p lies on a torus of codimcn- 
sion two. Then we can apply |Hab08[ Theorem I] to Z since the hypotheses are 
met by Lemma fl4. 81 The conclusion of this theorem together with Northcott's 
Theorem is that the second case can happen only a finite number of times. I 

A computer search for Teichmiiller curves. We now describe the algo- 
rithm underlying Theorem 11.61 given in the introduction. 

We first claim that for given discriminant D it is possible to list all the 
admissible triples (Vi,^,^) for all lattices X with coefficient ring Oj of dis- 
criminant D. To do so, one has to first list all orders of discriminant D. Cubic 
number fields of discriminant up to D have been tabulated by Belabas [Bel97j . 
Given a number field F of discriminant at most D, enumerating all orders in F 
of discriminant D is a finite search through all sub-Z-modules O of the maximal 
order Of of bounded index. To list all 0-ideals is a finite search through all 
Z-modules containing O up to an index bound depending on D. Such a bound 
appears in the usual proofs of the finiteness of class numbers, e.g. [BS661 Theo- 
rem 2.6.3]. (We do not claim that this is an efficient algorithm). Given a lattice 
X in a cubic field, an algorithm to find all admissible bases of X is described in 
Appendix [X] In practice we have restricted the search to maximal orders, since 
maximal orders have been tabulated and representative elements of the ideal 
classes are easily computed by Pari. 

Fixing a cubic order O, if there is a Teichmiiller curve in 8 o H POA^3(4) hyp , 
then it has a cusp whose limiting stable form Woo is of the form (|14.1j) , with the 
triple (ri) in the finite list constructed above. Normalizing x\ = 1, equations 
(|14.2|) and (| 14.3f> reduce to a single cubic polynomial in X2- Solving this cubic 
polynomial for xi (for each triple of n) and verifying that none of the solutions 
satisfies the cross-ratio equation allows us to verify that there are no Teich- 
miiller curves in £ a n PfLW 3 (4) hyp . Applying this algorithm to the 1778 fields 
of discriminant less than 40000 yields Theorem 11.61 

A Boundary strata in genus three: Algorithms, 
examples, counting 

In this appendix, we describe an algorithm for enumerating all boundary strata 
of a given eigenform locus £q , and we some examples and counts of admissible 
boundary strata obtained from this algorithm. 

Enumerating admissible X- weighted strata from one example. Given a 
lattice X in a totally real cubic field, define a graph G{X) as follows. The vertices 
of Q (X) are the two-dimensional admissible X- weighted boundary strata, up to 
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similarity. Two vertices are connected by an edge if the corresponding strata 
have a common one-dimensional degeneration. 

Proposition A.l. Q{I) is connected. 

Proof. By Theorem 18. 11 the vertices of G(X) correspond to the two-dimensional 
boundary components of some cusp of some eigenform locus £ . Thus it suffices 
to show that the boundary in FUAi^ of each cusp of £ L is connected. 

Consider the normalization Yq of £ . By normality, the canonical morphism 
£q — > Xq extends to a morphism p: Yq — > Xq (see |Bai07l Theorem 8.10]). 
Since Xq is normal, p _1 (c) is connected by Zariski's Main Theorem. The image 
of p (c) in £ is then connected, as desired. I 

It is a simple matter to enumerate all admissible X- weighted boundary strata 
adjacent to a given one: It suffices to perform all the (finitely many) possible 
degenerations (as defined in Section |5J) of the presently found boundary strata 
and check which of them are admissible X-weighted. Then one tries all the 
possible undegenerations and so on, until this process adds no more admissible 
X- weighted boundary strata to the known list. So Proposition IA.l1 allows us 
to enumerate all two dimensional X-weighted boundary strata starting from a 
single one. Lower dimensional boundary strata can be easily enumerated from 
the two-dimensional ones. 

Producing one admissible X-weighted boundary stratum. We now 

describe an algorithm which locates a single admissible X-wcighted boundary 
stratum. In practice this algorithm is fast and always succeeds, though we do 
not prove this. The algorithm of Proposition 19.21 also works for lattices of the 
form (l,x,x }, but not every lattice is similar to one of this form. 

For an X-weighted boundary stratum S let Cone(6>) C R 3 be the R + -cone 
spanned by {Q(w) : w <E Weight (5)}, considered as a subset of M 3 via the three 
field embeddings of F. There are various possible shapes of this cone, which we 
call its type. It could be all of M 3 , for short type (A), it could be a half-space 
(H), a proper cone of dimension three strictly contained in a half-space (C), 
a two-dimensional subspace (S) , or a 2-dimcnsional cone ( "fan" ) in a subspace 
(F)- 

The idea of the algorithm is to simply start with any irreducible stratum S 
and then to apply a sequence of degenerations and undegcncration to S, at each 
stage trying to increase, or at least not decrease, the size of Conc(5). 

Algorithm A. 2. Given a latticeX, compute an admissible X-weighted boundary 
stratum S . 

(i) Initialize S to be the irreducible boundary stratum with weights given by any 
TL-basis ofX. 

(ii) While Cone(<S) is neither of type (A), (H), nor (S): 

• ( Superfluous curves ) If S has a node n which lies on the boundary of two 
distinct irreducible components with Q(wt(n)) in the interior o/Cone(<S), 
then let S± be obtained from S by undegenerating n. 
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• (Try to degenerate) Else 

•• Loop through all degenerations Si of S and check if Si contains a node 

n with Q(wt(n)) ^ Cone(6>). 
•• (Got stuck) If no such degeneration was found, the algorithm is stuck. 

Start again at (i) with a random new choice of initial basis. 

• Let S = Si . 

(Hi) If the type of Cone(iS) is (H), first undegenerate S until S contains only 
4 elements still spanning a half-space and then undegenerate the new S by 
removing the node n with the property that Q(wt(n)) does not lie in the 
bounding hyperplane of C. (The new S thus obtained is of type (S)). 

iv) Return S. 

As far as we know, it is possible for the algorithm to either get stuck with 
every choice of initial basis, or to loop infinitely, producing larger and larger 
cones without ever giving a half-space or the full space. We have never seen 
this happen, though very rarely it gets stuck and must be restarted with a new 
initial basis. 

Some counts of boundary strata obtained from this algorithm are shown in 
Figure [H 

It would be interesting to give an algorithm in the spirit of Algorithm IA.2I 
which is guaranteed to always find an admissible boundary stratum. 

Example 1: Discriminant 49. Figure [3] presents the outcome of the pre- 
ceding algorithm for the unique ideal class of the maximal order in the field 
F = Q[a;]/ (x 3 + x 2 — 2x — 1) of discriminant 49. There are two two-dimensional 
boundary strata. Dotted lines join each two-dimensional stratum to its one- 
dimensional degenerations. 

Example 2: All possible types of admissible strata do occur. We give 
a list of examples showing that all possible types of boundary strata without 
separating nodes do occur. 

• If the stratum is of type [6], then dim(Span) = 2 and D = 49 contains an 
example. 

• If the stratum is of type [5] x 3 [3] then dim(Span) = 3. Most cusps 
contain such an example, for example the unique cusp of the cubic field 
of discriminant 81. 

• If the stratum is of type [4] x 4 [4] then dim(Span) = 2 or dim(Span) = 3. 
The second case frequently appears, e.g. for D = 49. The first case rarely 
occurs, here is an example: For the field F = Q[x]/(x 3 — x 2 — lQx + 8) 
with discriminant 961, take the ideal X = Of and the weights n = 4 — 
x/2 — x 2 /2, ?' 2 — 5 + x/2 — x 2 /2, r 3 = 1 and r 4 = — (n + r 2 + r 3 ). 

• If the stratum is of type [4] x 2 [4] then dim(Span) = 2. These lie in the 
boundary of every irreducible stratum, for example in discriminant 49. 

• All the remaining possible types of boundary strata without separating 
nodes have necessarily dim(Span) = 3 and examples are easily obtained 
as degenerations of the preceding examples. 
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Figure 3: The boundary of the Hilbcrt modular threefold of discriminant 49. 

Example 3: Ideal classes with no admissible bases. Consider one of the 
two fields of discriminant 3969, namely Q[x]/(x 3 — 21a; — 35). Its ideal class 
group is of order three. According to a computer search, both of the ideal 
classes X\ = (7, 7x, x 2 — 14) and T2 = If = (7, x, x 2 — Sx — 14) do not admit 
any irreducible boundary strata. But X3 = Of = (l,x,x 2 — 3x — 14) has a 
single irreducible boundary stratum given by the weights r\ = 1, T2 = x + 3, 
r$ = x 2 — 2x — 16. 

B Components of the eigenform locus 

In this section we show that, in contrast to the quadratic case, that the £ L = Xq 
is not necessarily connected for cubic orders O. 

Recall from ^that the irreducible components of Xq correspond bijectively 
to isomorphism classes of proper, rank-two, symplectic O-modules. One exam- 
ple of such a module is O ® O v . We will show that there is such a module M 
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Figure 4: The number of boundary components for given discriminant D 
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such that for no submodule X of M the sequence 

-> I -> M -> X v -> 0, 

is split, thus M is not isomorphic to O © O v . 

We remark that such examples cannot exist for the ring of integer O p since 
Dcdckind domains are projective and that they can neither exist for [F : Q] = 
2 e.g. by structure theorems for rings all whose ideals are generated by two 
elements |Bas62j . 

The calculations will be easier to do in the local situation, and if the above 
sequence was split, it would be also split locally. Choose a totally real cubic 
number field F and a prime p different from 2 and from 3 such that the residue 
field k is isomorphic to F p 3. Let K be the completion of F at the prime p. 
Let Rk be the ring of integers in K and let R be the preimage of the prime 
field under the surjection Rk — > k. We will exhibit an i?- module M with the 
claimed properties. From there it is obvious how to construct a module over 
O, the preimage of the prime field under Of — > k, that also has the claimed 
properties. 

For simplicity we suppose moreover that Rk is monogenetic, i.e. that Rk = 
Z p [9]/f for some cubic polynomial /. 

Lemma B.l. We have 

Rk = Rk c p 2 ^ v c p P 1 Rk, 

where the subscripts denote the index. In fact, 

R v = {r G p" 1 R K \Ti(pr) = mod (p)}. 

More precisely, there exists a 1 p -basis {l,x,y} of Rk which is orthogonal with 
respect to the trace pairing. Then 

I x y 

R = (l,px,py} z , R K = (1, -, - 

\ p p 

Proof. The ring R K is generated by l / f'(6) for i — 0,1, 2. Since f'(8) is a unit 
in Rk be the hypothesis on the residue field, we obtain Rk = Rk- 

Suppose s G p~ 1 Rk- We use that by definition any y G R is congruent mod 
(p) to z G Z. Thus since 

Tr(rs) = zTr(r) mod (p) 
we conclude that r G i? v if and only if Tr(pr) = (using p ^ 3). ■ 

Lemma B.2. All of the quotients Rk/pRk, R w /pR w and R/pR are three- 
dimensional as ¥ p vector spaces but different as R-modules: 

• Rk/pRk splits into a direct sum of (1) and (x,y), orthogonal with respect 
to the trace pairing. 
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• R/pR has the irreducible R-submodule (px,py) and the corresponding se- 
quence is not split. 

• R y /pR v , as the dual of the preceding module, has the quotient R-module 
(x/p,y/p) , and the corresponding sequence is not split. 

Proof. The structure of Rk/pRk is obvious. Suppose 1 + p(ax + by) generates 
an i?-submodulc of R/pR of dimension one over F p . Multiplying by px we see 
that this submodulc contains also px, We thus obtain a contradiction. ■ 

Lemma B.3. We can calculate Fixt-groups as follows: 

Ext) ? (i? v , R) = Kom R {R v ,R/pR)/ Rom R (R v , R) = F p 

Ext R {R v , R K ) = Uom R (R v ,R K /pR K )/ Uom R (R v ,R K ) = ¥ p (B.l) 

Ext^(i? v ,i? v ) = 

Proof. The short exact sequence of multiplication by p gives a long exact se- 
quence 

Bom R (R v , M) -> Hom fl (i? v , M/pM) -> Ext 1 (i? v , A/) -> Ext x (iJ v , M), 

where the last map is induced by multiplication by p. Under the second map 
the image of Rom R (R v ,M/pM) is p-torsion and thus Ext 1 (i? v , M) is p-torsion 
as well. 

We first deal with the case M = R. Obviously p 2 Rk is contained in 
Hom(i? v , R) and we claim they are equal. If such a homomorphism was given 
by multiplication with an element s £ p 2 Rx, take t = x/p € R where x is as 
above. Then ts ^ pRk and its reduction is not in the prime field, since the re- 
ductions of {1, x, y} are linearly independent over F p . This contradiction proves 
the claim. 

First we claim that 

Hom fl {R y ,R/pR) £* Hom Fp (k/¥ p , Kcr(Tr)), 

where we consider Ker(Tr) C k. A homomorphism from R v to R/pR fac- 
tors through R v /pR v . By Lemma IB. 21 there are no isomorphisms between 
them, in fact the classification of quotient resp. submodules in this lemma 
shows more precisely that such a homomorphism factors through an element 
in Homf p (fc/F p , Ker(Tr)). Both on the quotient module (x/p,y/p) = k/¥ p and 
on the submodule (px,py) = Ker(Tr), the ring R acts through its quotient F p so 
that indeed every F p -homomorphism is and i?-homomorphism. Multiplication 
by p 2 R defines a subspacc isomorphic to k inside HomF p (fc/F p , Ker(Tr)). This 
concludes the second isomorphism of the second claim. 

Second we look at the case M = Rk- Now Hom(i? v , Rk)Q — pR and 
elements in Hom R (R v , Rk/pRk) factor through HomF p (fc/F p , Ker(Tr)) using 
the submodule structure of the finite i?-modules determined in Lemma IB. 21 

The last statement follows by the same reasoning. ■ 
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Proposition B.4. Let — * R — ► M — ► i? v — > be a symplectic extension 
corresponding to a non-trivial element in Ext^(i? v , R). Then M is a proper R- 
module. Moreover, M has a unimodular symplectic structure and the R- action 
is by self-adjoint endomorphisms. M is not a direct sum of two R-modules of 
rank one. 

Proof. The trace pairing R and i? v induces a symplectic and unimodular pairing 
on M. The i?-submodule R of M is isotropic for this alternating pairing. Thus 
if M is an i?-module for some ring Ji containing M and acting by self-adjoint 
endomorphisms, then R is also an i?-module. This implies R — R, i.e. that M 
is a proper i?-module. 

It remains to show that M is not a direct sum. If it is, then M = a© a v . If 
we apply Hom(i? v , •) to the extension defining M, we obtain an exact sequence 

Hom fl (i? v ,i? v ) -> Ext^(i? v ,i?) -> Ex4(i? v ,Af) -> Ext^(i? v , i? v ). 

The first map is a non-zero map R — > F p by the fact that M was constructed 
as a non-trivial extension. The hypothesis on M implies that 

Ext^j (i? v ,M) =Ext^(i? v ,a)©Ext^(i? v ,a v ) ^¥ p . 

Since Ext^j(i? v , i? v ) = it remains to show that at least one of the two groups 
Ext^(i? v , a) and Ext^,(i? v , a v ) is non-zero. The Ext-groups don't change if 
we replace a by pa. Under this equivalence the pair (a, a v ) is either (R, i? v ), 
(R V ,R) or (Rk,Rk)- Thus the claim follows from Lemma IB~3l ■ 
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